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PREFACE TO THE THIRD EDITION. 



In submitting this Rudimentary Treatise on Plane 
Trigonometry, after its having been carefully revised 
and corrected, the author would also respectfully 
invite the reader's attention to the collection of 
Mathematical Tables, forming part of this Series of 
Scientific Treatises ; they will be found amply suf- 
ficient for all the practical purposes of Trigonometry, 
and will therefore furnish all the aid necessary in 
computations connected with the present subject. 

The author has given, to illustrate the principles, 
a great number of examples fully worked out, and 
which will be of service to those who have not the aid 
of a teacher. 

^' In compiling the work, the best authors, whether 
French or English, have been consulted. Amongst 
others, those of Bonny castle. Cape, De Morgan, Gaskin, 
Hall, Hind, Hymers, Snowball, Woodhouse, and Gre- 
gory ; with Davies^s edition of Hutton's Course. 

" The problems have been principally taken from the 
Ladies and Gentleman's Diaries, the Cambridge Pro- 
blems, and Laybourn's Repository. 

" The demonstration of Demoivre's Theorem is taken 
from an able French work on Trigonometry, byLefebure 
De Fourcy." 

J. HANK 
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TRIGONOMETRY. 



CHAPTER I. 

1. Thigonometut Tvas originally considered to be the 
doctrine of triangles, but in its present impxioved state it has 
a much more extensive signification, which we shall here- 
after shew even in this rudimentary treatise. 

2. In estimating angular measures, we suppose the right 
angle to be the primary one, and to be divided into 90 equal 
parts, each of which is called a degree ; each degree is 
supposed to be divided into 60 equal parts, each of which is 
called a minute ; each minute is supposed to be divided into 
60 equal parts, each of which is called a second, and so on 
to thirds, fourths, &c. Here one degree is considered as the 
angular unit. 

3. Modem French writers, instead of using the sexage- 
simal division, use the centesimal ; and it is to be regretted 
that the latter is not universally used, from the great ease 
with which all calculations are made in that division. 

"We shall, however, shew how to reduce French into 
English measures, and vice vend. 

If E and F represent the number of English degrees and 
French grades in the same angle, 

E F^ E_ F 

90 ■" 100 ^^ T" ~ 10' 

^ ^F ^ F ^ ^ \0E _ , E 

4. The circumference of a circle is known to be about 
3*14159 times its diameter, or, in other words, the ratio of 
the circumference to the diameter is represented by 3*14159 ; 
for this number writers generally put the Greek Le.t.tR?t tc» 

B 



2 TRIGONOMETRY, 

.*. circumference = tt D; where D is the diameter, or 

2 TT r, where r is the radius of the circle. 

TT/* 

Hence the length of the arc of a quadrant is -— ; of a semi- 

circle, or 180^, is grr ; and of 270°, or three quadrants, is • 

Jd 

Now if any arc a subtend an angle of -4°, then since — 

subtends 90®, and that by Euclid vi. 33, angles are propor- 
tional to the arcs which subtend them. 



^°:90=::a: ^'^ ; 




. ^o_180° a 


r 


IT r 





(1). 

From this expression any one of the quantities may be 
found when the others are given. 

Ex. 1. Find the length of an arc of 45° of a circle whoso 
radius is 10 feet ; 

^^ - TT -10' 

45*^ 
.-. a = r^X 10 X 3-14159 = 7-8539 feet. 

5. Most modem writers on Trigonometry take also for 
the unit of angular measure the number of degrees in an 
angle, subtended by an arc equal to the radius*. If U® re- 
present that angle, then by equation (1), 

* If ACB be an angle at .the centre of a circle, 
subtended by an arc equal to the radius of the 
circle, then, since by the 33rd Proposition of the 6th 
Book of Euclid, the angles at the centre of a circle 
are to each other as the arcs on which they stand, 

Angle ACB : four right angles : : arc AB : cir- 
cumference, but AB is an arc equal to the radius, 

.'. Angle ACB : four right angles ::r:2vr:: 
l:2»r, 

.*. ACB = ^ ^ ^^ — * which, being independent of r, is constant 

2ir 

for any circle; it may therefore be used to measure other angles. 




TBIGONOHETBT. 8 

^^ 180=' r 180° 180° '\r. ^^.^a 

^ = •- = = TTT.-77;= 57°-29578. 

w r w 3-14159 

Hence, A^ = 57°-29578 (-^^ or^° = C^(-) (2). 

And since IP = 57°-29578 is constant, 

... a . arc 

A^ vanes as — , t,e. as — rr— ; 
r • radius 

and taking Z7« as the unit, we have 

a 
^o = _ which is called the circular measure of the angle. 
r 

From equation (2) we see that the measuring unit, 17°, 
must be multiplied by the fraction — to find the angle ; 

T 

thus if the circular measure of an angle be -ttt' ^^^n 

A" = :^ (57°-29578) = 28°-64789. 

I* 

If the circular meaiure be - then 

5 

^o = i (57°-29578) = ^ (57°-29578) = 68°-754936. 

!N"ow, suppose we take an angle of 22° 27' 39", then this is 
put into decimals at once by the centesimal division, without 
putting down any work on paper, it being 22°'2739 ; whereas, 
by the sexagesimtd, we must proceed in the following manner : 

60^39 

60J 27-65 



22-4608 

If we wish to find how many grades and minutes are 
contained in this angle, here 

F = 22-4608 

U 

g= 2-4956 

£■+ - = 24-9564, which at sight is 24« 95' 64\ 
y 
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Eind the number of degrees and minutes in 46^ 56' 36". 

i^= 46-5636 

F ' 

-•== 4-65636 

10 



F 

jg'==i?'-.-- =41-90724 
10 



60 



54-4344 
60 



26-064 
E^ = 4P 54' 26". 
(1) If F' and i^", F' and F" represent the magnitude of a 
French and English minute and second respectively, shew that 

F' __ 3-3* F' 3-3' 
;^~2^*;^~2^' 

F' = \ French min. ; 
.-. F' X 100 X 100 = a quadrant, 

jE" = 1 English min. ; 
.•. JS" X 60 X 90 = a quadrant, 
hence, F' x 10000 = J5" x 5400, 

-F' X 50 = ^' X 27, 

I^ 27 3^ 

^'^50*" 2^' 
Also ,i^ = 1 French second; 

.\ F" X 100 X 100 X 100 = a quadrant, 

F" = 1 English second ; 
.-. F' X 60 X 60 X 90 == a quadrant 
hence, F" X 1000000 = F" X 324000, 

F" X 250 = F" X 81 ; 

F" 81 3-33 

^' "^ 250 ~ 2^ 
(2). Compare the interior angles of a regular octagon anil 

dodecagon : 

360® 
In a polygon of n sides, A'^ = 180° — — . 

In octagon = 180° — = 180° - 45° = 135°. 

o 



TBIGONOMETEY. 6 

Q/»AO 

In dodecagon = 180° - -- — = 180^ - 30^ =z 160<», 

135 : 150 : : 9 : 10. 
The ratio is therefore 9 to 10. 

(3) The earth being supposed a sphere, of which the 
diameter is 7980 miles, find the length of an arc of 1°. 



180° a _ 180° a 180 



o 



a 



A° = X — ; .'. 1° = X 71 — = X ♦ 

IT r' w 7980 TT 3990' 

2 

, , 180° 

but = 57°-29578: 

.-. 1°= 57°-29578 X 



3990' 

3990 

^ = T^n^^^Ti^ = 69'6 miles. 
57-29578 

(4) Find the diameter of a globe when an arc of 25^ of 
the meridian measures 4 feet. 

180° a ^ 180° 4 180° 8 
^° = X - ; .-. 25^ = X - = X r—; 

180 ~ 8 8 

.'. 2r = X — = 57-29578 x — 

TT 25 25 

= 18-3346 feet. Answer. 

(5) Find the number of degrees in a circular arc 30 feet 
in length, of which the radius is 25 feet. 

180° a 180° 30 180° 6 

^°= — X — = — X7rr = — xr 

IT r IT 20 TT U 

= 57°-29578 X - = 68°-75493. 

5 

(6) Find the number of degrees in an angle of which tho 
circular measure is -7854, the value of v being 3*1416. 

180° a 180° ^„^, 180° 

TT r 31416 4 

(7) The interior angles of a rectilineal figure are in arith- 
metical progression, the least angle is 120°, and the common 
difference 5° ; required the number o£ «.\Asi."e». 



TMGONOMETBY. 

Sum of angles = nw — 27r by Euc. (i. 32), or 
120^+1250+1300, &c., to n terms = ISO^w- 360°, 

{240+(« _ 1) 5) ~ = 180» - 360, 

120w+ ^ T — = 180w - 360, 

240»+5w'* - 5» = 360» ^ 720, 

5»2 - 125» = - 720, 

625 625 ,^^ ?'625 -576 49 

y^ — 25»+ ■— — = — 144 = : = — , 

4 4 4 4 

25 ^ 7 ' 



^2 2' 

25 + 7 
^ = — •=r— = 16 or 9. 

2 

The last is tlie congruent value of », since no angle can be 
so great as 180** ; .'. the figure has nine sides. 

(8) One regular polygon has two sides more than another, 
and each of its angles exceeds each angle of the other poly- 
gon by 15° ; find the number of sides in each. 

nA = nir -- 27r, equation (1), 
{n- 2)(^- 15) = (w- 2x2)7r, 

nA — 2 A — 15w + 30 = WTT — iir, equation (2). 

Subtracting equation (2) from (1), 

2A + 15w - 30 = 27r, 

2^ = 27r— 15w + 30, 

27r-15w + 30 
A = , and from equation (1) 

WTT — 27r 180W-360 

- A = = ; 

n n 

27r - \bn + 30 _ 180^^360 
•'• 2 ~ n ' 

390w- 15w'* = 360w- 720, 
15^2- 30»==.720, 
w^ - 2» = 48, 
n'^^^n + X^ 49, 
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W — 1 = ± 7, 

71 = 1 ± 7 = 8 or — 6, 
and w — 2 = 6, 
An octagon and a hexagon. 

(9) The angles in one regular polygon are twice as many 
as in another polygon ; and an angle of the former is to an 
angle of the latter as 3 : 2 ; find the number of sides. 

Let n = number of sides in 1st, A === each angle, 
2n = number of sides in 2nd, B = each angle, 
/« — 2\ ^ /2n — 2\ n — 1 

B n — 1 , 3 

~ = also-— - ; 

A « — 2 2' 

.-. 2» — 2 = 3w — 6, 

n=4, 

2n = 8. 

(10) The angles of a quadrilateral are in increasing geome- 
trical progression, and the difference between the third angle 
and the fourth part of the first is 90** ; find the angles. 

Let A^ Ar^ Ar^, Af^, be the angles ; 

,\A{\+r + r^ + r") = 360<>, 

and A (r^ - 4) = 90*» ; 

.-, (1 4-r + 7-2 + r») = (4r« — 1); 
... ^_3;.2^r + 2 = 0; 
... r*— 3r* +r2 + 2r = 0, 

9 3 1 r* > 1 

"^ 2^ 2 2 2' 

... r^=2r; ,\ r = 2. 

(1\ \5A 

r»— -j = 90°; .•.-—=90° 

.-. 15^ = 360*^; ,\A = 2i\ 
And the angles are 24°, 48°, 96°, 192°. 



8 
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6. Tbigonomethical Katios or Defij^^itions. 

Let BA C be any angle, and from any point 
J) in AB let fall the perpendicular J)F on A C, 
then if we represent the angle BAG by Ay 

DP AP 

— — ■ is the sine of A : — — : is the cosine of A ; 
AB ' AB ' 

BP AB * 

— - is the tangent of A ; y-=^ is the cosecant oi A\ 

AB AP 

— — ■ is the secant of A : -7^=, is the cotangent of A, 
AP BP ^ 

For the sake of abbreviation the above quantities are 
generally put sin A, cos A^ tan A, sec A, cosec A, cot A, 
1 — cos ^ is defined to be the versed sine of A^ or vers -4.* 

By the 47th Prop, of the 1st Book of Euclid, 

AP^ + BP^=AB^ (1) 

* It may be perhaps Decessary to re- 
mark, that the following definitions have 
ueen given by most English writers till 
within the last few years. In the annexed 
figure, take any arc ABy draw BF and A T 
each perpendicular to the diameter AEy 
and produce CB to meet AT in T, then 
£P is called the sine of the angle A CB to 
the radius CB; CF is called the cosine; 
AT the tangent ; 02' the secant; AF the 
versed sine ; OT the cotangent ; CT the 
cosecant. 

If we take the arc Ah greater than one 
quadrant and less than two, then hp is 
called the sine; Cp the cosine; AR the 
tangent; CR the secant; Ap the versed 
sine. 

If the arc Ahd be greater than two quad- 
rants but less than three, then de is called 
the sine; Ce the cosine; AD the tangent; CD the secant; Ae the versed 
sine. 

If the arc AhdJ be greater than three quadrants but less than four, then 
^ is called the sine ; Qr the cosine; ^c the tangent; Cc the secant; and^^ 
the versed sine. 




Let the angle ACB = A,r = radius CB^ then since CF^ + FB^ = CB-i by 

47th Prop. 1st book of Euclid, we have cos'^ A + sin« A=r^ (1) 

Also AC^ + A r2= CT\ or 

r^ + tan*^ = sec-^ (2) 
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Divide both sides of this equation by -42)*, and we have 

AF^ JPF" _ AD" ^ 
AL^'^ AD^'~ AL^' 



ie. (^) + 



1'-^- ©'- ■ ■■ 



\ADJ 

AP DP 

hut — — is the cosine of A, and -7^ is the sine oi A. by the 
AD AD ' ^ 

above definitions ; 

.-. cos*^ +sin«-4=l (2). 

From this equation we have, 

cos* -4 = 1 — sin* A ; 
.*. cos -4 = <v/(l — sin* A), 
and sin* -4=1 — cos* -4, 

sin -4 = >s/{\ — cos* A) ; 

DP AP 

and since by the definitions — — : = sin -4, and --— - = cos -4, 
^ AD AD ' 

we have DP = AD sin A, and AP = AD cos A. 

^^ ^ .DP AD sin A Bin A 

JNow tan A = — = = » 

AP AD cos A cos A 

From (1) cos^ ^ =r2— sins A, or cos A = >/(r^ — 8in2 A) 

and sin^ A^=^r^ — cos2 A, or sin A^=^ s/ {f^ — sin^ A) 
From (2) tan* A = secS A — A 

The triangles ^CP, TC^, OCT', and oCT?, are all similar, 

AT_BP tan ^ sin^j 

" 'aC~"CP^^ r "°co8^ 

r sin yl 

or tan ^— (3) 

cos -4 ^ ' 

cot A cos ^ 

r sin A 

rcos-4 

or cot -4 = —; — -- (4) 

&\xi A ^ ' 

sec -<4 r r^ 

=» 7or8ec-4=! (5) 

r cos A cos -4 

cosec^ r ^ n ,^. 

==-: 7 or cosec -4 = -: (o) 

r sm A Bin A 

versin^s—r — cos^i x^* ^^ 

B 5 
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cot A = -^rrr = 



AF AD cos A COB A 



LP AD sin A sin A' 
AD AD 1 



sec^ A = — — - = 



AP AD cos A cos A 

^ AD AD 1 

cosec A = -rrr- — -rFr~ — :; ^ ~ — l^ 
DP AD sin A sm A 

AD^ AP' + DP^ . /DP^^ 



AP' AP^ 

or by dividing equation (1) hj AP^y 



(DPV 
— )^l+tan'^- 



m'^i^hO- 



1 that is 

db) 



or 1 4- tan^ A = sec^ A ; 
.*. sec -4 = -v/(l + tan* -4). 
Also dividing equation (I) by DP^, ^q have 

(^■- Q*= (: 

cot* A + 1 = cosec' -4 ; 
.'. cosec -4 = >/(l + cot* -4). 

(1) The sine of an angle is equal to the cosine of its 
complement. 

Since L ADP = 90° — A, 

AP 
and sin ADP = -rrr — cos -4, 

AD 

^__, DP . ^ 
cos ADP== -TT=.= sm -4 ; 
AD 

that is, sin (90^ — A) = cos -^, 

and cos (90° — ^) = sin ^. 

(2) To shew that sin A = sin (180° — ^). 

Let BOP^ be greater than a 
right angle : draw P^N^ perpen- 
dicular to AB\ make the angle 
BOP equal to the angle AOP^y 
and 0P= OP^, and let faU the 
perpendicular PiV^, then the tri- 
angles P, OiVi and POJS^ are evi- 
deniUjr equal. 

D 




B 
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sin BOP, = ^^ ; sin BOP=^ sm (180°— i?OP,) =— ; 

but P.lSr, = PN, and OP, = OP; 

.-. sin BOP, = sin (180^ — ^OP,) : 
that is, tho sine of an angle is equal to the sine of tho sup- 
plement of that angle : 

OJV 
COB BOP = COS (180° — POP,) = — ; 

.-.cos POP, =— cos (180° — POP,); 
or the cosine of an angle is equal to minus tho cosine of its 
supplement. 

(3) Sin ( — -A) = — sin A, and cos ( — A) = cos A 

p 
If the line OP revolve round the point ^ 

from OB upwards till it describes an angle y^ 
NOP =^ A, then if it revolve downwards o*^^ — 
from OB till it describes the angle NOP, = 
NOP, then NOP, ^—A. 

p 
PN P N 

sin ^ ^ -QP^ ^^^ 8^^ ^^^1 = sin (— ^) = -^ ; 

^ , P,N PN ' 

out --^ = -— ; 

OP, OP ' 

.*. sin ( — A) = — sin u4 ; 

A ^^ A IKTnr, f ^N ON ON 

cos -^ = TJp. and cos NOP, = cos (— ^) = -^ = --. ; 

.'. cos A = cos ( — A), 
From these we readily see that 

tan ^ = — tan ( — A\ 
cot ^ = — cot ( — ^), 
sec A = sec ( — A), 
cosec -4 = — cosec ( — A), 

After one revolution is completed, the sines, cosines, &c^ 
take the same values as before ; therefore the sine of any 
angle is the same as the sine of 360° + that angle, or 

sin -4 = sin. {li: -V -^ \ g 
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In the same way, 

sin A — sin {At + A\ 
and for the general form, where w is a whole numhcr, wo 
have 

sin A = sin (2??7r + A). 
Similarlyj^ 

sin (tt — A) = si.i (.*> — ^) = sin (^tt — A); 
or, generally, 

sin (tt — -^) = sin {'2/* + "i) tt — A] ; 

hut sin ^ = sin (tt — A) ; 

.', sin {2nw + A) = sin {(2« + I) tt — A], 

Also sin ^ = — sin { (2n + 1) tt + ^ j 

= — sin (2M7r — A), 

cos A = cos (2w7r + A) ~ — cos { (2« + 1) '^ — -^ 1 > 

tan^ =tan(2w7r + A) = — tan {(2» + 1) tt — ^}, 

sec A = sec {2mr + A) = — sec {(2n + 1) "^ — ^}« 

(4) In the figure at page 10, it is clear that if we suppose 
the line OP, originally coinciding with OJB^ to revolve 
round as a centre, in each of the quadrants the various 
trigonometrical quantities will have precisely the same 
value ; for the sake of distinction these quantities are 
affected with different signs. Thus, suppose 0J^= ONi = x, 
then OiVJ measured to the right of 0, is called + ^y aiid 
Oi\^ measured to the left of 0, is called — x. Also, any 
line PiV^ ahove the line AJB is considered positive, and 
any line PgiV below the same line is considered negative ; 
thus if PiV= 4- y, then F^^is — y. This is purely conven- 
tional, for we might have taken lines to the left to be positive, 
and those to the right to be negative, and so on ; but when 
we once fix on the positive direction, the negative direction 
must necessarily be opposite to it. 

If we suppose the fine OP to revolve upwards, the angle 
POiV is considered positive; but, if downwards, the. angle 
F^OI{ is considered negative : thus, the angle FON is + A^ 
and the angle F^ON is — A, 

(5) We may now proceed to trace the values of the 
sine, cosine, &c., throughout the four quadrants. In the first 

FN . . . ojisr 

quadrant -^, which is the sine of A, is positive ; and -j-=^ 
which is the cosine of Ay is also positive ; it is clear that as 
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the sine increases, the cosine decreases, and when OP coin- 
cides with OC, then PN=OP, and OiV^= j hence the 
sin 90° = 1 and cos 90° = 0. In the second quadrant the 

ON 

sine is also positive, hut the cosine or --r— is negative, 

^P\ 

since ON^ is measured in the opposite direction to ON] as 

OP revolves from OC towards OA the sine decreases, and 
the cosine increases negatively ; so that when OP coincides 
with OA the sine is and the cosine is —1, that is, sin 180° 
= and cos 180°= —1. 

In the third quadrant hoth the sine and cosine are 
negative, and when OP coincides with OD, then the sin 
270° = - 1, and the cos 270° = 0. In the fourth quadrant 
the sine is negative hut the cosine positive, and when the 
line OP has completed a whole revolution hy coinciding 
again with OB^ then we have the 

sine 360° = 0, and cosine 360° = 1. 

Since tan A = ; ; in the fiist quadrant, hoth sin A 

cos u4 ' ^ 

and cos A heing positive, tan A is also positive, and when 

sin 90^ 1 
A = 90° we have tan 90° = — ^ — = - = infinity ; that is. 

the tangent of 90° is infinite. 

In the second quadrant tan A = 7> and is there- 

^ — cos -4 

sin 180° 
fore negative, and tan 180° = i oao ~ — r = 0. 
° ' cos 180° —1 

In the third quadrant tan A = : , and is therefore 

^ —cos -4' 

positive, and tan 270° = ^r^^-- = -7:—= — infinity. 

*^ ' cos 270° '' 

In the fourth quadrant tan A = -7- r, and cense- 

-J- cos JL 

quently negative, and tan 360* == — ^77^:^ = - = 0. 
^ J o y cos 360° 1 

^6) To find sine, cosine, &c., of 30°, 60°, 45°. 

Let the angle he 60°. 

In the equilateral triangle ACB, let fall the 
perpendicular C7>, which bisects both the angle ^ — -^ — -^ 
ACjB and the base AB, 




14 
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Now, 4^ = sin ^ OZ) = sin 30°, but AJ) 
.-.sin 30° =-"2^= 2; 



IaC; 



.'. cos30°= v/(l-sin2 30°; 


)^V(^""4)== 2 »^^* 


cos 30°. sin 60° ; 


.-. sin 60° — ^ 

2 


cos 60° — sin 30° ; 


.-, cos 60° — 2 5 


sin 30°^= 2» 


sin 60° ^^ 


^3 
cos 30° - ~- , 


cos 60° = ^, 


1 


n/3 


^ „^^ sin 30° 2 1 
^^^^-cos30°°V3=y3' 


sin 60° 2 
tan60° = ^^^^=. ^ -^/3, 
cos 60° 1 ^ * 


2 


2 


n/3 


1 


cos 30° 2 /^ 
^^^3^°-sin30°"' 1 "^^' 


.„o cos 60° 2 1 
^^^'^^sin60°~V3-s/3' 


2 


2 


1 2 


«^^^^°-cos60°-l"2, 

2 


^^^^^ cos 30° V3 v/3' 

2 


rtnaart *\f\^ ■■ .^ . . O . 


coscc 60°=^^ ^^,=^3=^3 


coscc 30 - sin 30° 1 ~ ^ ' 


2 


2 



"Wlien the angle is 45°, 

sin 45° = cos (90^ 
Jfow, since cos^ 45° -)- sin^ 45^ 



45°) = cos 45°. 

1, and cos 45° = sin 45°, 
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we have 2 cos^ 45^ = 1 
cos^ 45° = ^ 



or, cos 45° = —1^ ; . 



and therefore, sin 45° = 



J. 

/ 
1 



and since sin 45° = cos 45°, 

sin 45° , 

tan 45° = ttttco = ^ » 
cos 4o 

COS 45° ^ 

^2 

cosec45° = ^-j^^j^=-j-=y2. 

>/2 
The following results the student should commit to memory : 

cos^ A + sin^^ = 1, 
cos -4 = ^/(l — sin^ A)\ sin -4 == V(l — cos^ A\ 

sin^ 1 ,/ ., > ,N 

tan A = 5 r-~7 = v (sec^ -4 — I) , 

y.ixix ^ cos ^ cot -4 ^ ^ '^ ' 

cos ^ 1 , , A -i^ 

sec A == ^^^^ = V(l + tan2 ^)^ 

coscc ^ = ^T^-^ = a/C1 + cot2 ^), 
vers A = 1 — cos A, 

Examples. 

4 
Ex. 1. If tan -4 = 5, compute the sine and versed «2c^* 
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flia A 4 ^ 



cos A 3 
3 sin ^ = 4 v/(l — sin2 j;^^ 
9sm2^ = 16 — lesin^^ 
25 8iii2 ^ = 16, 
5 sin ^ = 4, 

Bin ^ = r» 
o 

COS ^ = ^/(l - sin^^) = ^(l - 35) ^ VJiS ^ 5' 
vers A = 1 — cos^ = l — r — 7* 

Ex. 2. 6 (sin ^)^ = 5 cos A, find sine, cosine, tangent. 

6 — 6 cos' ^ = 5 cos Ay 
6 cos' -^4 + 5 cos ^ = 6, 

cos' ^ + ;; COS ^ = 1 , 


, ^ 5 , 25 , 25 169 

cos' ^ + gcos ^ + 144= ^ + 144 ^Tii' 

cos ^ + j2 = ± 12' 



cos ^ = g) or — 2» 



^=v/(l-cos'^)=y^(l-9)- \/9="a 



Bin 



ys 



sin -4 ^ ^/^ 

3 



*^°^=i;5^""'^"""2"- 



Ex. 3. sin ^ cos -^ = •^. i'ind sin, cos, and arc. 
fiin ^ is/(l — sin' A) = -^, 
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3 



sin^ -A {I — Bin'* A).— r-r:i 

sin* A — sin^ -4 = — Ta' 
Bin* A — sin^A + 1 = T^» 

2 ~~4 
sin^ -4 = J, or - , 

. ^ -/3 1 
Bin^ = -2-,or., 



) 



.-. A = 60°, or 30°. 

4 

Ex. 4. tan -4 + cot-4 = — rr, find tan^, and cot -4. 

tan A + 7 r =^ — r;;> 

4 

tan^ A ^—r^tanA = — 1, 

. . 2 1 

*'''' ^ - 73 = ± 73' 

tan A = \/S, or —t^t , 

cot ^ = --,g» ^^ ^^^• 

Ex. 5. If 3 sin ^ + 5 V3 . cos A = 9, find ^. 
5 >/3 V(l - Bin^^) = 3 (3 — sin A), 

25 . 3 . (1 — sin' ^) = 9 (9 — 6 sin ^ -V sin' A\ 



Find ^ and j5 ; 
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25 = 25 sin^ -4 = 27 — 18 sin ^ + 3 sia'* A, 
28 sin' ^ — 18 sin ^ = — 2, 

sm^ ^ — j^ sin ^ = — y^» 

9 . . 81 __81 — 56_ 25, 
sinM - j^ sin^ + ^^ ^g5 i=:q4 

sin -^ — 28 28 ' 

. J ±5 + 9__l 1. 
^^^^= 28 "2''''' 7' 

.-. :^ = 30°. 

1 + n/3 
Ex. 6. sin ^ + sin B = 5 — ' 

Sin ^ sin -a = -j" • 

1 4. 2 v/3 + 3 
sin^ ^ + 2 sia ^ sin ^ + sin^ B = ^ > 

4 sm -4 sin jO = —7— > 

sin^ A — ^ 2 sin ^ sin j5 + sin'^ B = — ; 7 , 

. . ^ \/3 — 1 
sm A — sm ^ = ^ , 

sm -4 + sm i? = , 

2 sin ^ = 1 ; .*. sin -4 = 5 ; .-. A = 30°, 

/3 
2sin^.=.V3; .'. sin^=^; .-.^ = 60°. 

Ex. 7. Shew that sec'* A cosec^ A =^ sec'* A + cosec'* -4. 
sec'* -4 cosec'*-4 = sec'* ^ (1 + cof* A) = sec^ A + sec'* A oof* ^, 

9 ^ . 1 CDs'* -4 ^ ^ 1 

' CDs'* ^ sin'* A ' sm'* -4 

= sec^ A + cosec^ -4. 
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Ex. 8. If tan^ A+4 sin^ ^ = 6, prove that A = 60°. 

sin^ A ... A . « sin* A x a ' 2 a n 

— 5— .+4 sill* -4=6, or, ^ ^-^^+4 sin* ^=6, 

cos* A ' ' 1 — sin* ^ 

sin* J:+4 sin* .4 — 4 sin*-^l = 6 — 6 sin*^, 

4 sin* -4 — 11 sin* ^ == — 6, 

... 11 . 2 . 121 121 96 25 

sm* A sm* -4+-—- = -— - — --= — , 

4 ^ 64 64 64 64' 

' 2 A 11 5 .o^ 11. 5„ 3 

sm* A — • — = H — : .-. sin*^ = — -+--=2, or- ; 

8 —8 8~"8 ' 4 

.-. sin^=^z=8in60°; .-.^=60°. 

The sJ2 being greater than unity is inadmissible. 

Ex. 9. If sin X cos cc+a sin* a;=J, find x, 
sin a: s/{\ — sin* x)-=.h — a sin* x, 

sin* 05 — sin* a; = J* — 2« J sin* a; + a* sin* ar, 
(a* + 1) sin* X — {2ah + 1) sin* a:= — J*, 



. , /2a?J+l\ . ■ i* 

in* iP — ( o . I I sin* x=- — 2 \ i > 
\ a*+l / a* + 1 



__4a''h^+4ah+l i* 



4(flj*+l)* flj*+ 1 
.4flfJ+l — 4i* 



4(a*+l)* ' 

sin*^-^^^:! ^NAM+lr::i^) 



sin* a: = 



2 («*+!)"=— 2(d^*+l) 

__ 2g5+l±v/(l+4d?3 — 4^*) 
2 (a*— 1) ' 



.;.^_ P^3+l±y(l+4.5-4y) H 
I ^^.^2(^*+l) / 

4 

Ex. 10. 25 sin^ (sin-4 — cos A)=4, Prove that sin-4=- . 

4 

sin* ^ — sin -4 cos ^ = ;ri> 

25 
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4 

sin' A — — • = sin -4 cos -^4 

2d 

= sin A y/{\ — sin^ A\ 

Q t /» 

sin* A — -- sin^ A A — -^ = sin^ A — sin* A, 

^ ... 33 16 

2 sin* A sin^ ^= » 

25 625 

• 1 J 33 , „ . 8 
sin*^ sin2^ = , 

50 625 

A 4 33 . , ^ /33\2 1089 8 961 
sm A^-sm^A +[^^) =-— ^-_=^^^, 

33 31 

sin'* A = -+- — 

100 - 100' 

. 33 31 64 

^^^ lob-iob^iob' taking the upper sign ; 

• ^ ^ ^ 

Ex. 11. 6 tan^+12 cot^ =:5is/3.sec^. Findtan^. 

12 

6tan^+ -=5x/3.y/(l+taTi^A\ 

t^nA 

144 
36 tan^ ^+144+— ^--=75+75 tan^^, 

39 tan* ^ — 69 tan- A=:U4y 
13 tan* ^ — 23 tan^ A = 48, 

4. 4 >/ 23 ^ . ^ 48 
tan* A — -— tan^ A = — > 
13 13 

^ ^ . 23, , ^ /23V 529 2496 3025 
tan*^— —tan^ ^ +( — ) = -— -^ — —=---, 
13 \26/ 676^676 676 

^ 2 ^ 23 55 

tan^-4 =■+- — ) 

26 ""26 

, , , 23 55 78 
tan'^^zr-H — = --=:3: 
26~-26 26 ' 

.-. tan-.4=-V3; .'. .^=60° (p. 14). 
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Ex. 12. If w=tan-^4+smu4, and n=tan^— sin -4, find 
an equation involving only m and n. 

m = tan A + em A, 
n = tan A — sin -4, 

tan A = — ^ — , sin ^ = , 

2 ' 2 ' 

«:« .# tan ^ 

sin A = V ; 

V(l +tan2^) 
w — w___ 2 



A/i'+mi 



> 



(m — n) 'i 4 {m+ny 

^+ 4 
4 (^;e — ny+{m — ny {m+ny =4 (m+ny 
{m^ — w^)2=4 (w+w)^ — 4 (w — w)^= 16mn, 
m^ — n^=y/(l6mn)=i4\/(nin), 

Ex. 13. Ifa(8mey+h{coaey=m (1), 

5(sin0)'^+«(cos0)'=» (2), 

and «tan0=J tan0 (3), 

then — ^_=__| — . 

a{l — cos' 0) + ^ cos' = m, 
a — a coB^O + h cos' = m, 
{a — h) cos' 0= a — w, 

a — m a — h (i — h 

co8'^= 7-; •'• scc-^== or l+tan'^= ; 

a — a — m a — m 

. ox> ^ — ^ ^ ^ — ^ 
.'. tan'^= 1= . 

a — VI a — m 

In the same manner, 

tan' 0=r ; 

b — n 
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taii*0 a — m*» — a 
but by equation 3, 

tan^ 5 tan^^ ¥ 

— ^— ^— ^^ — • — — ^— ^— - — . • 

taii0 a ' tan'*0 a^^ 
h'^_^ m — h h — n hm — 5^ — mn+hn 
' ' a^ a — tn*n — a an — mn — d^-^anC 
aPn — Pmn — a^P + a¥m =a^bm — arP — a^mn + a^hn ; 
.'. {a^ — P) mn==a^hm — ah^m-{-a^7i — ah^n 

=ah {am — hm-\-an — hn) 
=ah [{a—h)7n+{a^h)n} ; 
.'. {a-\-h) mn=ah {m+n)y 
. a+b m+7i 

ah mn ' 

ah van' 

(1) Prove that 

. tan A cos A tan A cot A 
sec A cot^ cosec-4 

> sin ^ cot A sin A cosec A 
coaA= = -= -. , 

tan A cosec A sec A 

X J cos A __cos A sec A Bin A cosec A 

sin A cot- A cot A "~ cot ^ 

A J cos A sec A sin ^ cosec A _ sin A 

tan A tan A ""cos A tan^ A* 

gg^ ^ tan ^ _ sin ^ cosec ^_t an A cot .^ 

sin -4 "~ cos ^ "" cos yi ' 

«^«^« ># SGc -4 cos A sec ^ tan A cot ^I 
cosec^=- -= , — - — = : — 

tan A em A sin A 

(2) cos' A cot'* A =cot- A — cos^ A. 

^ cos* A cos'* ^ 

(4) If m =cosec A — sin -4 ; and w = sec ^ — cos ^i ; 

then m^ n^+m^n^ = l. 
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(5) Given H^=l, find ^. ^=45°. 

cos ^ 

(6) sin A cos ^=^find A. ^=30°. 

(7) tan ^+cot ^=2, find A. A=U°. 

(8) "Write down the sum of all the exterior and also of 
Jill the interior angles of a polygon of n sides ; and thence 
deduce the value of each of the vertical angles of the trian- 
gles made by producing botli ways all the sides of a regular 
polygon, and verify the result in the cases where n=3 and 
n=4. 

(9) J^-+./('i L-) = seo^findsec^: 

y/sec A ^ \^ \ sec A/ 



BGOA 



^l + v^5 



2 

(10) V(tan^^-l)+^(l«^--l2)+l=Bec«^find 

tan A ; 

(11) sin^.i+-C08=^=l, find^. 

(12) sin* ^—2 sin^^— 1=2 sin^— cosM, find^. 

^=270°. 

(13) tan* ^— tan^ A+l=z4 tan ^+800^ A, find tan A. 

(14) If sin^+cos^=d5, 

Bin^+cos^=:J, 

then Bini?=2±| ^/{';^- ^ )• 

(15) Given tan x=— — \—j^ +3, find tan x : 

tanaj ytuncc 

7±yi3 
tan a;— — ^ • 
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(16) Given tan x tan y =tan^ x — tan^ y 

gtan^^- ^an^^+tan^y j. 
tancc — tany 

Find tan x and tan y, withont quadratics, 
tan :g= ^ ^ ; tan y=-^. 

(17) tan X — tan y=2 ^ tan a5=3, 



—(tan aj+tan y)= 



n yJ tan y=l. 



12 tan a: tan 

(18) - tan^ x= T L ; find tan a; : 

4 tana? — 1 

tanaj=2. 

(19) tan2a;+48cot'*a;=4cota;+18, 

tan:i;=:4and — 2. 

4 86C^ 9y 

(20) =65 cot ir— 39 ; find tan a? : 

o 

tan 0:=-. 
2 

3 

(21) sin'a;+siny=:- J find x and y : 

sin 05 sin y= - ) a;=90° and y=30^ 

(22) — tan'a;=3- — tan a; ; find tan a: : 

tana;=2. 

(23) If tan"- ^— cot .4=- (cot -^—1), ^4=45°. 

8 

(54) (tan^— 1)2— 8cot^(l— 2cot^)=8: findtan^. 
(25) Prove that 

^ -1 =rl;v/(scc2^+3)— tan^l. 



«r 



^^^"^+tan^+&c.,^^/«/. 
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CHAPTER IL 

7. To find the sine and cosine of the sum and difference of 
two angles. „ 

Let the angle FA C=A, and the angle 
FAF=B, then FA C=A +^, draw FF 
perpendicular to AFj and from F and F 
let fall the perpendiculars FD and FF on 
A Cy and draw FG parallel to A C. Now, 
because GF is parallel to A (7, the alter- * 
nate angles, AFG fm(\. FA C are equal, a d e 

but FAC=iAy therefore AFG=zA\ and since AFF is a 
right angle, the angle FFG is the complement of AFG; but 
FGF is a right angle, therefore FFG is the complement of 
FFG, that is, the angles FFG and AFG are the complements 
of the same angle {FFG), they are therefore equal; but 
AFG has been proved equal to A, hence FFG— A, 

. , , ^, DF DG+GF FF+FG 

_FF F^ 
"AF'^AF 
_jEF AF FG FF 

~AF'AF'^FF'AF' 

FF 

but by the definitions, — ^=8in A, 

A F 

AF FG 

and -7i.=cos B-, also -=-r_=cos FFG= cos A, 
AF FF ' 

FF 

and -— - =sin F, hence 
AF 

.-. sin (^+-5)=:sin -4 cos -S+cos A sin J9. 

, ^ , „ ^i> AE^BE AE GF 

cos (^+^)=^=-2p-=2i>-2i^' 

(because GF=zI>E) 
_AE AF GF FF 

"AF ' AF~"FF ' AF 

=zcos A cos B — sin A sin B, 

c 
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To find the sine and cosine of A — B, 

Let the angle DAF:=A, and the angle 
JPAF=£, then L.FAI)= A— £: from any 
point P draw the perpendiculars FF and 
FD on AF and AJD, also draw FG parallel 
to AI>f then L FFG=th.e complement of 
AFFj and therefore=-4, because AFG is ^ 
the complement of A ; and because GD is a rectangle, 
ED=iFGy and FJ)= GE. 

. ^ , ^^ FD FE—FG FE FG 

sm (^_^)=:_ = -^_= -_^_ 

_FE AF_FG FF 

'^AF ' AF~FF ' AF 

=sin ^ cos B — cos A sin -5, 

, , ^, AD AE+EB AE FG 
cos (^-^)=: _=_^-=-+_ 

_^ -dF FG FF 
'^AF ' AF^P~F * AF 
=cos ^ COS -ff+sin A sin ^. 

8. Now, since sin {A'{-B)=*sm A cos ^+ cos -df sin -5, 
if we make B=Ay then 

8in(^ +-4)=sin2-4 =sin^ cos^ +cos^ sin^=2 sin-df cos-^i; 

also, 

since cos (^+-5)=cos A cos B — sin -4 sin B ; make B=A; 

then cos (-4+^)=cos 2 i^=cos ^ cos A — sin A bid. A 

=cos^ A — sin^ A ; 
but since cos- A = l — sin^ A, we have also 

cos 2 A=l — sin^ A — sin- A=l — 2 sin'* A ; 

also sin^ A=l — cos^ A ; 

.'. cos 2 ^=cos^ A — (1 — cos^ A)=2 cos^ A — 1. 

Since A may be any angle, we have the sine of any angle 

equal to twice the sine of half that angle multiplied by the 

cosine of half that angle ; and the cosine of any angle is equal 

to the square of the cosine of half that angle minus the sine 

square of half that angle. For the sines we have 
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Sin -4=2 sm - cos -, 
2 2' 

sm - -4=2 Bin - -4 cos - -4, 

2 4 4 

sm - -4 =2 sm - ^ cos - ul, 

3 6 6' 



sin - -4 =2 sin r— -4 cos -— -4. 
2} 2 n 2n 



In the same manner for the cosines, 

cos 2 -4=1 — 2 sin* -4, 

cos -4=1 — 2 sin' --4, 

cos r-4=l — 2 sin' --4, 

2 4 * 

cos - -4=1 — 2 sin' --4, 

3 6 ' 



cos - -4=1 — 2 sin' r--4« 
n 2n 

Also cos 2 ^=2 cos' -4 — 1, 
cos u4=2 cos' --4 — 1, 

cos - -4=2 cos' 7-4 — 1, 

2 4 * 

cos - -4=2 cos' --4 — 1, 

3 6 ' 

cos - -4=2 cos' -—-4 — 1. 
n 2n 

9. To find sin 3 ^. 

sin 3^= sin (2^+^). 

By putting 2 A for -4, and A for B in the sin (-4+jB), 
we have 

sin (2 -4+-4)=8in 2 -4 cos -4-hco8 ^ -^ ^^d. A\ 
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but Bm2 A = 2 Bm A COS A, and cos 2 -4 = 1 — 2 sin* A 
sin (2-4 + -4) = 2 sin .4 cos ^ cos .4 +(1—2 sin'^) sin^, 

=^2 an A cos* .4 + sin ^ — 2 sin* Ay 
= 2 sin^ (1 — sin'^) + sin-i — 2 sin*^, 
= 2 sin ^ — 2 sin' .4 + sin -4 — 2 sin* A, 
= 3 sin ^ — 4 sin' A; 
that is,sin3^ = 3 sin^ — 4 sin' -4. 

To find cos 3 ^. 

cos 3 ^ = cos (2 -4 + -4) = cos 2 -4 cos ^ — sin 2 ^^ sin ^, 
= (2 cos' A — 1) cos A — 2 sin A cos A smA, 
= 2 cos* ^ — cos -4 — 2 cos -4 sin' A, 
= 2 cos* A — cos A — 2 cos -4 (1 — cos? A\ 
=■ 2 cos* A — cos A — 2 cos -4 + 2 cos' A, 
= 4 cos* A — 3 cos A, 

In the same way we may find the sin 4 A, &c., but it 
wfU be better to express them in general terms, as in the 
next Article. 

10. Now, since 

sin (^ + j5) = sin -4 cos J9 + cos -4 sin i?, 
sin {A — B) = sin -4 cos B — cos .4 sin i?, 

by addition we have 
sin (^ + ^) + sin {A—B) = 2 sin -4 cos ^ (1). 

By subtraction, 

sin (^ + i?) — sin (^ — ^) = 2 cos^ sin B (2). 

By multiplication, 

sin {A + B) sin {A — -5) = sin' A cos' B — cos' A sin' B 
z= sin' -4 (1 — sin' ^) — sin' ^ (1 — sin' -4) 
= sin' A — sin' B = (sin .4 + sin -ff) (sin A — sin B) . . .(3). 
Also, cos {A + B) ^= cos A cosB — sin -4 sin B, 
cos {A — B) = cos A COB B + sin A sin B, 
By addition, 

cos {A + B) + COS {A — B) = 2cos^ cos^ (4). 

By subtraction, 
cos (Ji — B) — cos (-4 + i?) = 2 sin -4 sin-ff (5). 
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By multiplication, 

cos {A + £) cos (-4 — ^) = cob' A cos' B — sin' A sin' B 
= cos' ^ (1 — sin' £) — sin' ^ (1 — cos' A) 
= cos' A — sin' B 
= (cos -4 + sin-ff) (cos -4 — sin jB) (6). 

Now by equations (1) and (4) : 

sin {A + B) + sin {A — ^) = 2 sin A cos j5, 
cos {A + B) + cos (-4 — -ff ) = 2 cos -4 cos j5 ; 

for ^ put a^ and for -4 put na ; then, 
-4 + j5 =«flp + flf = (» + !) flf, and-4--J'==«flf— a=(n— l)(r, 
sin (» + 1) « + sin (w — 1) a = 2 sin na cos a, 
cos (n + 1) a + cos (n — 1 a = 2 cos wflf cos a. 

By giving to n diflferent values, the sine or cosine of any 
multiple arc may be found. 

11. Now, since half the sum of any two quantities 
added to half their difference gives the greater, ond half 
the difference subtracted from half the sum gives the less, 
we have 

A=i{A + B) + i{A^B\ 
B=i{A+B)^i{A^B). 

Putting i{A+B) for A, and i(^ — ^) for jB, in sin 
{A + B) and cos {A + B); 

sin ^ = sin {i{A +B)+ i{A - If ] 

=iBmi{A+B)coBi{A—B)+co8i{A+B)Bmi{A-B)..{l): 

In the same manner, 
sini?=sini(^ +B) cosi(^- jB)— cosi(^+ J9)sini(^-.J')(2). 
By adding (1) and (2), 

8in^ + sinJ? = 2sini( + )coBi{A'-B) (3). 

By subtracting (2) from (I), 

sin^ — sini?=2sini(^ — ^)cosJ(^+^) (4). 

cos A =z cos{i(^ + B) + i{A - B) ] 

=zcoBi{A+B)coBi{A-'B)-Bmi{A+B)ani{A'-B)..{5). 

cos B = cos{i(^ +B) — ^{J:-B) ) 

=cos i(^ +B) cos i{A - ^H sin \(^A \ B^ ^\sl\^A-lS^.^^• 
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Add (5) and (6) : 

coBA + coBB=^2cosi{A+ B) cos i{A —B) (7). 

Subtract (5) from (6) : 

C08 5 — cos^ = 2siii J(^ + J?)8ini(^ — ^) (8). 

By dividing (3) by (7) : 

sin A + sin J' ^ 2 sin ^{A + B) cos jjA—B) __ sini(^ + ^) 

cos ^ + cos j5 ^ 2 cos ^{A + B) cos i(^— i?) "" cos ^\a + B) 

= tani(^ + j5) (9). 

Divide (4) by (7) : 

sinu^— sin^ 2sinK-^— ^)cosi(.^+.g) »> m n^ 

co8^+cos^~2cosJ(-^+^)co^-J(^— i^)-^^*^^~"^>^^"^- 

Divide (3) by (4) : 

sin ^ + sin Bjl sin \{A + B) cos \{A — B) 
sin -4 — sin J5~2 sin \{A — B) cos ^{A + J5) 

tanK^+^) ,11^ 

— tanJC^— ir) ^^^^• 

Divide (7) by (8) : 

<30s B + cos ^ _ 2 cos \{A + .g) cos i{A — B ) 

cos ^ — cos A~2 sin ^(^i + B) sin i(^ — B) 

= cot J(^ + J') coti(^ — J') (12). 

Divide (4) by (8) : 

sin ^ — sin B _ 2 sin ^{A — B) cos ^(^ + B) 
cos ^ — cos -4"~2 sin i(^ + ^) sin |(^ — ^) 

= cot K-^ + B) (13). 

12. To express the tan (^ ± J*) in terms of tan A and 
tan B. 

sin {A + B) _ mi A cos J' + cos ^ sin jg 
tan (^ + ^) = ^^^(X+X) ""cos^cos^— sin^sin^' 

Divide the numerator and denominator of this fraction by 
cos ^ cos ^ ; then 

sin A cos B cos -4 sin 5 

. fjxj%\ cos^cos^ co3.^jtcos^ tan-4 + tan^ 

"* ^'~'' . sin A sin B ""l — tan-4tanjB* 

. COB A cosB 

m 
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sin {A — £) sin A cob JS — cos A sin B 

tan (^ — i?) = co8(^ — ^) "^ cos^ cosi^ + siu-^ sini^ 

sin A cos B cos A sin JB 
cos A cos ^ cos A cos i? tan-4— tan^ 

sin ^ sin ^ 1 + tan-df tan B 

1 4- 

~ cos ^ cos £ 

13. To express the cot {A ± -5) in terms of cot A and 

cot B. 

cos (-4 *)- B) cos u4 cos ^ — sin ^ sin JB 
cot {A+£)z= 55-^X+^) ~ sin^cos^ + cos^sin^ 

Dividing numerator and denominator by sin A sin B, 

cos ^ cos B ^ 

sin ^ sin .^ cot A cot B — 1 

cot (^ + .Z?) = ^.^ ^^^^ ^ cos.^sin"5 = coti^ + cot^' 

sin ^ sin ^ "• sin A sin B 

making B =i Aj we have 

, cot' A — l ' 
cot 2^= 2cot^ ; 

In precisely the same manner we obtain 

, , J T^v cot ^ cot -5 + 1 
cot U - 5) = cot^-cot^- 

If in tan (^ 4< //) we make B = Aj 

then tan r^ -4- ^^ - ^^^^+^^^^ - 
tnen tan C-^ + -^; - i _ tan ^ tan A ' 

XI- i. • X « > 2 tan .4 

that IS, tan 2 A = ^ r — r-"? • 

' 1 — tan' A 

If for 2^ we put A, and therefore -^ for ^, wc have 



A 
2tan-^ 

tan ^ = ._— 



1 — tan' -^^ 
In the same manner 

nx -^ 
^ 2 tan- 

^^^ -2 = 5' 

1 - tan' ^ 
4 
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-^ Staa-g- 

'^ l-tan'f 



, ^ 2tan|^ 
tan -= -J 

14. Inverse trigonometrical functions. 
The quantities sin"^ A, cos~^ A, &c., are called inverse 
functions, and have the following signification : — 
fiin"^ A is put for an angle whose sine is A, 
cos"*^ A is put for an angle whose cosine is Ay &c., &c. 
Let sin a = flj, and sin ^ = J| 

then a = sin~^ a, and fi = sin""^ h, 

cos a = \/(l - <^% ^^d cos p = \/(l — i*), 

sin (a + ^) = sin a cos ^ + cos a sin p 

.-. a + ^ = sin-i(<r ^(1 — ^') + * V(l — <ir)], 
but a = sin~^ a, and ^ = sin~^ h ; 
.-. sin-i a + sin-i J = sin"^ [ay/{\ - h") + hy/{\ --• a") ] . 
Also in the same manner, 

sin-i a - sin-i b = sin'^ {« \/(l — *') — * VC'l -«')). 
By proceeding in the same manner for the cosine, 
cos-i a + cos-i h = cos-^ [ah — ^(1 - «*) \/(l - ^'-)K 
cos-^ flf — 008-1 h = cos-i {aJ + ^(1 — a^) ^(1 — ^*)). 
Proceeding in the same way for the tangents, 

if tan a =» a, tan ^3 = J, 
then a *= tan"^ a, and p = tan""^ 3, 

tan a + tan ^ « -f 5 

tan(a + ^) =i»tanatan)3=r^:^' 

... a + ^ =-■ tan- (j^J> 
but a = tan-i a, and ^ = tan-^ 3, 
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.-. tan-1 a + tan-» h = tan"' L _ ^^ j> 

tana— tan /3 a — ^ 
and since tan (a - p) = i 4. tan a tan /S = TT^ ' 

.-. tan~* a — tan"^ i = tan~M , , . V 
In the same way, 

cot-^ a ± cot-» i = cot-^ (^^^Y 

15. The following formula), which are sometimes called 
the formula) of verification, are very useful : — 

since cos' -4 + sin' -4 = 1, 
and 2 sin ^ cos ^ s sin 2^. 
By adding and subtracting we have 

cos' ^ + 2 sin ^ cos -4 + sin' ^ = 1 + sin 2-4, 
and cos' -4 — 2 sin -4 cos -4 + sin' -4 = 1 — sin 2-4. 
By extracting the square root of each of these, 
cos -4 + sin -4 =: \/(l + sin 2-4), 
cos -4 — sin -4 = ^/{^ — sin 2-4). 
When -4 is less than 45°, sin A is less than cos A, By 
adding, 

2 cos ud[ = V(l + sin 1A) + V(l — sin 2^4), 

cos ud[ = 5 V(l + sin 2A) + ^ ^(1 — sin 2A\ 

Subtracting, 

2 sin ^ = 1^(1 + sin 2A) — V(l - sin 2^4), 

sin ^ = ^ V(l + sin 2^) - 1 V(l - sin 2^). 

When -4 is greater than 45°, then sin -4 is greater than 
cos -4, and the above will become 

cos ^ =. ^ KVl + sin 2A) - V(l - sin 2^)), 

sin ud[ = ^ { V(l + sin 2ud[) + V(l - sin 2A)\. 

To find the sin 18°. 

c 5 J 
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Since the cosme of any angle is equal to the sine of its 

complement, 

cos 54° = sin 36°, 
butcos54° = cos(36° + 18°) = cos36°co8l8° — sin36°8inl8°; 

.-. cos 36° cos 18° — sin 36° sin 18° = sin 36°, 
but cos 36° == 1 - 2 sin^ 18°, and sin 36° = 2 sin 18° cos 18° ; 
.-. C08l8°(l — 2 sinM8°') — 2 sin^ 18° cos 18° = 2 sin 18°cos 18^ 
Dividing by cos 18°, 

1—2 sin* 18° — 2 sin^ 18° = 2 sin 18° ; 
.-. 4 sin* 18° + 2sinM8°= 1, 

ain^ J8° + 2^^®''= 4' 

1 /IV 1 1 5 

sin^ 18° + 2 sin 18° + (^jj =5+ j^=^j^, 

1 \/5 

Binl8° + 4=-^, 

,ir, ISO ^^^iZLl. 

4 

The same result may be obtained by using the formula 

for the sin ZJ ; or by the 10th proposition of the 4th book 

of Euclid. 

cos 18°=\/(1 -sinM8°) 

-\/{'-'(^)'}-v/ "~'tl'^^- ' 

A+V5 V{5+V5) , 

-"V 8 *" 2^2 
sin 36° = 2 sin 18° cos 18° 

2(\/5-l) V(5 + ^5) (V5 - 1) V(5 + ^/5 ) 
^ 4 ' 2^2 "" 4V2 

V{(5 -2v/5 + l)(5 + ^5)} ^ V(20 - 4 ^5 ) 
" 4v^2 4V2 ' 

__ 1 / 20 — 4 V5 1 

'~2v^2*V 4 "'2~72'^^^""^^^* 

Kow the sin 36° == cos 54°, 
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sin 54° = >s/(l — cos^ 64°) = \/{} — ""s ) 

"" V 8 ~V 8 ""V 16 

= 4 ^-'4 • 

Or thus, sin 54° = cos 36° z= cos 2 (18°) = cos» 18° '— sin' 18° 

54-v/5 6-2^5 10+ 2 V6— 6 +2^/5 
■" 8 "" 16 ""■" 16" 

4+4>/5 l+v/6 
16 "" 4 • 
Now since sin 18° = cos 72°, and cos 18° =* sin 72°, we 
have the following results : 

sin 18° = ^ ^ ; cos 18° = —2^2 ' 

sm 51° = ^ ; cos 54° = \ ^2 ' 

• ^no v/(5 + n/5) _^ a/6 — 1 

"'^ ^^ 2^2 J "^^^ ^^ = 4— • 

liy the formula, page 34, we may find the sin 16°. 
sin 15° = -{s/(l + sin30°)— >/(! -sin 30°)) 

=Ha/0+5)-M-.-)' 

_ 1 /jn/3 \\ __ >/;3— 1 

"~2Vv/2 v/2/ 2v'2 • 

This might have been found by putting 

sin 16° = sin (45° — 30°) 



) 
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JEzamjples. 

(1) Shew that 

cos (60° + ^) + cos (60° — A)= cos A. 
cos (60° + A) = cos 60° cos A — sin 60° sin -4, 
cos (60° — A) = cos 60° cos ^ + sin 60° sin ^. 
By addition, 

cos (60° + ^) +cos(60° — ^)= 2cos60°cos-4 = 2 x gCOS-^ 

= cos A (because cos 60° = o )• 

(2) sin (30° + A) + sin (30° — A) = cos A. 

sin (30° + A)= sin 30° cos A + cos 30° sin^, 
sin (30° — ^) = sin 30° cos A — cos 30° sin A, 
"By addition, 

sin (30° + A) + sin(30°— ^) = 2sin30°cosud[ = cos^. 
^tan^^ 

2 sin ^A cos jA 

. sin A 2 sin \A cos ^.4 cos'* \A 
sin ^ = —J— = ^ = J , 



008"* ^A 

(by dividing numerator and denominator by cos^ \A) 

2 tan \A 2 tan ^ ..^ 

^ "sc^^Z" "" 1 + tan^ \A • 

(4) 2 cos (45° + \A) cos (45° — \A) = cos A, 

cos (45° + iA) = cos 45° cos ^A — sin 45° sin l^A 

1 
= ^72 (cos i-^ — sin iA) ; 

cos (45° — i^)= cos 45° cos J-4 + sin 45° sin iA 

1 

By multiplication, 
2 cos (45° + iA) cos (45° — iA) • 

"^ ^ >< ^72 ^ 7/2 ^^°®' ^-^ ~" ®^^' *^) 
= cos^ iA — sin^ iA = cos ^. 

I 
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(5) Given 

sin (« + «) + cos (a: 4- a) = sin {x—a) + cos (:r— a), find x. 
sin (x-f a)— sin (as — a) =co8 (a;-a) — cos (a; + a), 
sin (a? -h a) = sin sc cos a + sin a cos x, 
sin (cD — a) = sin x cos a — sin a cos x ; 
.*. sin (x + a) — sin (a: - a) = 2 sin a cos ar, 
cos (a: — a) = cos a: cos a + sin a: sin a, 
cos (a; + a) = cos x cos a — sin a; sin a ; 
.'. cos (a? — a) — cos (iP + a) = 2 sin a; sin a ; 
hence, 2 sin a cos ^ = 2 sin a sin ;r ; 
.•. cos 0? = sin a? ; 
,', x= 45°. 

(6) If sin a? + cos 2 a: = a / t ; prove that a: = 18°. 

Since cos 2 ar = 1 — 2 sin^ cc, we have 

sina:+l-2sin^a:=^, 

. , 1 ? 2 - -v/5 
sin' 05 — - sin 05 = ^-— ; 

2 4 ' 

• 2 1 •« . 1 2 — s/5 , 1 '8 — 4s/5 . 1 
sin^ 05 sin 05+-— = -i 1- — = — 

2 16 4 ^ 16 16 ^ 16 

_ 9 — 4s/5 _ (n/5— 2)2 



16 16 



1 s/5 — 2 

sm a; — - = -^1-- , 

4 4 



• v5 — 2,1 v5— 1 •^ oo 

4 4 4 

.-. X = 18°. 

(7) Find the tangent of 15°. 

J. , rn X /.liro oAoN tan 45° - tan 30° 
tan 15° = tan (45° - 30°) = 



1 + tan 45° tan 30° 

1 1 

_ I V3 _ n/3~1 _ (>/3-l)' _g _ ,3 

_1_ y3 + 1 2 
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(8) Ux= sin-* |, and y = sin-^ |, then, a; + y = 90^ 

5 5 

Since am a -■ g ; cos 0? = a/ SI — in j =* 5» 

and sin y = - ; cos y = ^ |l — ^^ j | = - 

sin (iP + y) = SID- 35 cos y + cos 05 sin y 
_3 3 4 4 ___9_ , 16 __25 _ 

but sin 90° = 1 ; .-. x + y = 90°, 
or we may put it in the following form, 

. 1 3 . , 4 . 1 /3 3 , 4 4\ . , ^ 
sm-^ g + sm-^ g = sm-^ |^- x g + - x - j = sin"^ 1 . 

(9) Shew that 4 sin 9° = ^(3 + n/5) — V(5 - ^5), 

By Art. 21, sin^ =2 ( n/(1 + sin 2 u4) - yCl — sin 2 u4)}, 

we use the under sign as the angle is less than 45°. 

Now, in the above formula let A = 9°, then, 2^ = 18°, 

sin 9° = ^ { V(l + sin 18°) - ^{l - sin 18°)) 

= H v'O + ^) V(- ^')} 

= j{n/C3+v/5)-v/(5-v/5)}; 

.-. 4sin9° = -v/(3 + N/5)— >v/(5— \/5). 

(10) Shew that 2 cos 11° 15' = ^{2 + V(2 + ^2)). 

Since 2 cos^ ^ A — 1 = cos ^, 

, . /I + cos u4 • 

cos J ^ = ^ 2 ' 

let A = 45°, then ^ ^ = 22° 30', 

. «., A + cos 45° V ^ ■*"72 
cos 22° 30' = Y^ - ^2 ■ ==— T 

__ /s/^i±^ __ / 2+N/2 _ x/(2+V2) 
'V :?>v/2 "" V 4 2 ' 
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n/(2 + v/2) 



, ,o , e. /I + cos 22= 30' V "*" 
cos 11° 16' = /y/^^^-2 = 2 



_ /2 + s/(2 + ^2) _ V{2 + V(2+v/2)| . 

4 — 2 ' 



= ^/ 

.-. 2cos IP 15'= v/{2 + v^(2 + v^2)). 

Or it miglit have been put in this form : 

o45° , _ 1 

2 cos^ -o 1 = cos 4o® = -y2» 

45° 2 

2 (2 cos* "2"-^) = 72 = ^^' 

^ 45° 

4 cos* -jr- = 2 + v/2, 

45° 
2co8— = ^(2 + ^/2), 

45° 
2 (2 COB'-- -l) = V(2 + >/2); 

450 

.-. 2 COS--- = n/{2 + -v/(2 + V2)}. 

45° 
This is the same as 2 cos — = V {2 + ^(2 + \/2)}, and 

45° 
by continuing the operation to — ^, we have 

45° 

2 cos ■— = V {2 + -v/(2 + to w + 1 terms)}. 

(11) If -4, jB, and C be in arithmetical progression, 
sin ^ — sin jB = 2 sin (^ — -B) cos B, 

Since ^ is an arithmetical mean between A and (7, we 

have 

J(^+C7)=^ (1), \{A^C)^B^C.,.r (2), 

A^B^B^C, (3). 

By page 29, 

sin ^ — sin (7 = 2 sin i (^ — C) cos i (^ + C) 

= 2 sin (^ — C) cos B ; by (2) and (1) 

= 2 sin (^ — jB) cos B\ b^ (^\ 
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(12) Show that 

tan"^ Q + tan-^ r + taii"^ jj + tan"^ 5 = 45°. 



3 
1 



7 
1 



8 
1 



tan~^ K + tan""^ ^ + tan""^ = + tan"^ g 

= (tan-^ g + tan-i ^ + (ta.xr' ^ + tan"^ X 



tan""^ o + tan""^ -g = tan~^ 



- + -] 

pj ^ = tan ■ ^, 




.-. tan-i I + tan-i 1 ^ tan"' 1 + tan"' g = tan"' ^ + tan"' A' 
but tan"-^ = + tan-i __ _ tan-^ j ^j— ^ 



^-tan-i(l)=.45°; 



.-. tan-^ - + tan-^ g + tan-^ - + tan^^ - = 45°. 

(13) Given T^ers"^ vers""^ (1"~^) == versT* — ; find — 

<ii a a 

C08-1 /l _ f\ cOS-l (1 - (1 - 5)) = cOS-1 A — ^Y 
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a V 1 + h 

(14) Ifsinaj- 73^^^^^^" "72 + 2T73'^^®^^"'y"^^°* 

1,1 ye + i 

'"•' - \/(' - 5) - \/r 

sin (:r — y) = sin ar cos y — cos as sin y 

- i_ j/? Jll _ 2!^ >/(5 — 2^6) 
"" '>73 * 2-v/3 v^3 ' 2^/3 

_ v^jM _ V2 V (5-- 2V6) 

V 6 + 1 — ^(10 — 4^6) y 6 + 1 — v/(4 — 4^6 + 6 
6 6 

V6+l-y(V6-2)» y6+l-(V6-2) 3 1 

6 6 g - 2 - ^ ^^ ' 

Hence a: — y = 30°. 

(15) If 4 sin a? sin 3a; = 1, find ar. 

4 sin a? (3 sin a; — 4 sin' a?) = 1, 
12 sin* X — 16 sin* a? = 1, 

• 4 3 . , 1 

sm* X — :; fJiii* X = — T^» 
4 16 

. . 3.2,9 9 1 5 

^^^"-4'^^^+64 = 64-r6--6T 



^^^^ 8-- 8 



3±y5 6±2x/5 (75 ±1)* 
8in»^ = — ^— = ^ = -16 ' 



« ~ taking the npper sign, x = 54°, 
and taking the nnder sign, a: = 18°. 



sin a? — . 
4 



Bin 
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(16) If cos a? = A /« and cos y = o /o 9 ^^^^ ^^* 
x + f/= 60°. 

— ^/{'-(^7}=^'i^''-' 

__ V{y/e — 1)=^ _ V6 — 1 

"■ 2^3 ■" 2 v^3 ' 

cos (a -f- y) = cos a? cos y — sin a: sin y 

_ /2 v/3 + V2 j^ ye — 1 

— V 3 ' 2 V3 ~" \/3 * 2 V3 
V6 + 2 V6~l _ V6 + 2-V6 + l _3 1 ^ ,^, g^o 
6 6 ~" 6 6 2 

(17) If tan 2a; = ^ ^^^ ^, , show that the radius of the 

1 — 4 tan^ X 

arc a: is - • 

2 «. . ^ 2 tan a; 

Since tan 2x = j^r^^ 

2r* tan a; , .. 
*^^ ^^ = r" — tan'^ a ; ^ ^^^^^ ** ' 
2r* tan a? 2 tan a; 



r^ — tan* a: 1 — 4 tan'* a: 
^2 I 



r^ — tan'* x 1 — 4 tan* a; 
^2 — 4^2 ^£^^2 a; 3= r* — tan* x 

4r*= 1 
, 1 1 

(18) If sin (a + 0) sin = cos* % show that 6> = 90° - ^. 

2 ^ 

a 1 + cos a 

Since cos-^ - = , 

2 ,2 

1 + cos a 

(sin a cos + cos a sin 6) sin ^ = - 



-sija a sin cos -{- cos a sin^ = 



2 

1 4- cos a 
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1 . . r./> . 1 — cos2^ 1+COSa 
-sma8in2^-| cosa = — -^ > 

sin o sin 2^ + (1 — cos 20) cos a = 1 + cos a, 

sin a sin 2^ — cos a cos 20 = 1 ; 

or, cos a cos 29 — sin a sin 20 = — 1 ; 

i,e,y cos (a + 20) = — 1 ; 

/. a + 20= 180°; 

180o-a _ g 

60° 
(19) Cos nO + cos (n — 2)0 = cos 0, then 



cos {(w— 1) + 1) + cos {(» — 1) — 1) = cos0, 
cos(n — 1) 0COS0 — sin(« — 1) sin + cos (n — 1)0 cos 

+ sin (w — 1) sin = cos ; 
.-. 2cos(» — 1)0= 1, 

cos (» — 1) ^ = o > 

(n— 1)0 = 60°; 

60*» 

.-. = r. 

« — I 

1 



(20) Show that 

sin' 



"Tg + cof^ 3 = 45°. 
Let z = cot"^ 3 ; .•. cot « = 3, 

cos' % r. 1 sill' 2 rt . . 2 1 J • 1 

-;-^— =9or — :-^j =:9;.-.sin2«=— and sin 2 = — !— . 

sin* a sm^2 10 v^lO' 

the above becomes sin^^—T- -f sin""* — r7- = 45°, 

\/5 • v^lO ' 

sin--i-^ + «i^";Ao==^^^"(75 • vTo + ;Ao • 75) 

= sin-^ /"-f— + -^-'^ = sin-i -A_ = gin-i J_ .= 450 . 
Vv^50^>/50^ V50 V2 

(21) Show that 

tan-* ^ + 2 tan-* ^ = 45°. 
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This is the same as tan'* - + tan'^ - -J- tan'^ - = 45°, 

\^ 7*3/ \2W 

1 1 i 2 "*" 3 I ( 6 

then tan"' - + tan"' - = tan"' < ^ , > = tan"' < g 

( ^ "" 2 • 3 / ( 6 y 

= tan-' 1 = 45°. 
(22) Find sin A from the equation 

tan iA = cosec -4 — sin -4. 
sin ^ = cosec A — tan iA = -: — - — tan ^A, 
__ 1 sinj^__ 1 2sinH^ 



2sinJ.ico. -J.i cosJ-4 2 sin ^.^ cos |^ 2 sin J^ cos |^ 

1 — ^ sin* \A cos A 
2 sin J-4 cos \A sin ^ ' 
••. sin* ^ = cos ^ =\/(l — sin* -4), 
sin* -4 = 1 — sin* ^, 
sin* A + sin* ^ = 1 , 

sin* A + sin* -4 + - == i 4. - = - ^ 

sin* ^ + -=-—- > 
2 2 

sin* A -=1 -4- '^ f 

2-2 

. . ,'-l±v/5 

sin ^ 



v=^ 



2 

, .., , ^^ 2 cosec 2-4 — sec .4 

^ • a / (cos J-4 + sm \Ay 

^ cos* ^A — 2 sin jA cos ^.4 + sin* jA 

cos* ^-4 + 2 sin ^A cos J-4 + siii* i-^ 
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_ 1 — 2 sin jA COS j A _ 1 — sin A 
"■ 1 + 2 sin J-4 cos J^ ~~ 1 + sin ^ 

- 1 cosec A + 1 
cosec -4 

_^ sec -4 cosec A — sec -4 
sec -4 cosec -4 + sec ^ 

2 cose(r2-4 — sec A 

2 cosec 2 A + sec -4 ' 

/t>A\ n 2 sin -4— sin 2^ , ^, . 

2 sin u^ — sin 2^ __ 2 sin ^ — 2 sin A cos A __ 1 — cos ^ 
2 sin -4 + sin 2-4 "■ 2 sin ^ + 2 sin A cos A"" 1 + cos -4 

1^(1— 2sinH^) _ 2sin'M _ sinH-4 ^ 

"- 1+cosH^— 1 - 2 cosH-^ ~ cos^ M ■" ^ * 

, N -r. ., i sin -4 + sin SA + sin 5-4 

(25) Prove that ^ ^„ ^ i ^.>o q ^ i n/>o f; ^ = tan 3^. 
^ ' . cos -4 -|- cos 0-4 -f- COS 5-4 

By formula, page 29, 

sin -4 + sin 5-4 = 2 sin 3-4 cos 2-4, 

cos ^ + cos 5^ = 2 cos SA cos 2-4, 

sin A + sin 3-4 + sin 5 A =z sin SA + 2 sin 3^ cos 2-4, 

= sin 3^(1 + 2 cos 2^), 
cos A + cos 3-4 + cos 5 A = cos 3-4+2 cos 3 A cos 2^ 

= cos 3^ (1 + 2 cos 2A) ; 

sin -4 + sin 3-4 + sin 5-4 sin 3^ ( 1 + 2 cos 2A) 

' ' cos -4 + cos 3A + cos 5A cos SA (1+2 cos 2-4) 

= tan 3-4. 

(26) lfA + B+ C= 90°, prove that 

cot -4 + cot-5 + cot C = cot A cot B cot C. 

^ . . . , J ■r.v cot -4 cot i? — 1 

By Art. 19, cot {A + B)= coti/ + cot^ ' 
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Ptlt A+£foT A, and C for £, and we have 

4././ I z? I n\ cot (A + JB) cote —I _ 

because the cot 90° = ; 

.-. cot {A + B) cot C — 1 = 0, 
cot {A + B) cot (7=1, 

^ cot -4 cot ^ — 1 ^. ri ^ 

or 7- cot C/ = 1, 

cot -^ + cot ^ 

cot ^ cot ^ cot C — cot (7 = cot ^ + cot B ; 

.-. cot ^ cot B cot 6' = cot -4 + cot B + cot C, 

(27) If ^ + ^ + C = 180°, prove that 

cos^ A + cos* B + cos* (7 + 2 cos -4 cos JB cos C •=. 1, 

cos ^ = — cos (^ + (7) = — cos ^ cos (7 + sin j5 sin (7, 

cos*-4 = — cos -4 cos -5 cos C + sin -5 sin O cos A^ 

cos^jB = — cos ^ cos i? cos C + sin ^ sin C cos -B, 

cos* A + cos* ^ 

== — 2 cos A cos B cos (7+ sin (7 (sin J? cos ^ + sin A cos -B), 

cos* A + cos* ^ + 2 cos -4 cos Bco&C^= sin Csin (^ + 5) 

= sin C sin (7 = sin* C 

= 1 — cos* (7; 

.*. cos* -4 + cos* -5 + cos* C + 2co6A cos B cos (7= 1. 

On the same supposition, 

sin 2-4 + sin 2^ + sin 2 C = 4 sin -4 sin ^ sin C, 

Sin2u4 + 8in2^ + sin2C 

= 2 sin -4 cos -4 + 2 sin ^ cos -B -f- 2 sin Ccos C, 

but cos^ = — cos {B + C)y cos C= — cos (A + B), 

and sin J? = sin {A + C) ; 

.\Bm2A + Bm2B+'Bm2C=--2smAcos[B+ C) 

+ 2cos^sin(^ + (7)— 28in C7cos(-4 + B) 

= (by expanding) 

— 2 sin -4 cos .5 cos (7+2 sin ^ sin ^ sin C, 
+ 2 sin ^ cos -B cos (7 + 2 sin A sin B sin (7, 

— 2 cos -4 cos B sin (7, 
+ 2 cos -4 cos B sin (7, 

= 4 sin -4 sin B sin C 
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Also, sin -4 + sin j5 + sin 6' = 4 cos ^A cos ^B cos ^ C: 

sin C = sin (^ + £), 

sin ^ + sin i? = 2 sin |(^ + £) cos ^{A — B\ 

sin C = sin (u4 + ^) = 2 sin ^{A + B) cos {A + B\ 

i{A +B)= 90- - iC, 
sin |(u4 + ^) = sin (90° — ^C) = cos |C7, 
8in^+sinJ9 + sin(7=2cosJ(7(cosi(^+^)+cosJ(u4-j5)), 
but cos ^{A + B) + cos |(-4 — ^) = 2 cos ^A cos JjP, 
.*. Bin -4 + sin -B + sin C = 4 cos ^A cos ^^ cos ^C, 
Or thus : since -4 + J5 + 0= 180°, then iA + ^B + iC 
= 90^, sin u4 + sin J5 + sin e 
= 2 sin ^-4 cos ^A + 2 sin Ji? cos iB- + 2 sin ^C cos 4 C 
= 2 cos iA cos {^B + IC) + 2 sin Ji? sin {iA + iC) 
+ 2 cos J C cos liA + iB), 
= (by expanding) 

2 cos Ju4 cos iB coaiC — 2 sin ^B sin JC cos J^ 
+ -2 cos J-4 cos JJ5 cos JC + 2 sin |j5 sin J(7 cos J^ 

+ 2 sin ^B sin i-4 cos J 6' 
— 2 sin J5 sin ^A cos ^ 6' 
a= 4 cos J-4 cos Jj5 cos JC. 

(28) If sin 2a: == (sin 3ic)', show that ar = 15°. 
Subtracting each side from unity, 1 — sin 2a: = 1 — sin^ 3ar, 

cos^ X — 2 sin a: cos a; + sin^ x = cos^ Sx, 
cos X — sin a; = cos 3 a: = 4 cos^ x — 3 cos Xy 
sin a; = 4 cos a: (1 — cos^ x) = 4 cos x sin^ x ; 
,'. sin 05 = 0. .'. a; =» 0, or TT, 

and 2 sin a: cos a; = - , 

or sin 2 03 = - = sin 30° ; 

.-. X = 15°. 

(29) cos aj + cos y = I {^2 + ^/S) 

I ) , find X and y. 

cos 3 a: + cos 3 y = — 

-y/2 
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The second equation is the same as 
4 (cos' a? + cos'y) — 3 (cos a; + cos y) = — — . ; (page 28.) 

••• cos»^ + cos3y = -j -^ + -^-_ J, 
or (cos X + cos y) (cos^ x — cos x cos y + cos' i/) 

1 / .o . 3>/3\ 

. 2 * ,2 l/2v/2 + 3V3\ 
.*. cos* X — COS a; cos y + cos' v = - I • — I 

2 >v/6 + 9 — 4 -3^/6 ^ 
= 4 , by multiplying by (V3 — n/2) ; 

.,co..-cos.cos, + cos=, = i(5-V6), 
but cos' X + 2 cos a: cos y + cos' y == - (5 + 2 ^Z 6) ; 

.*. 3 cos a: cos y = - . 3^6 ; 

1 
.'. cos a? cos y = - />76 ; 

.*. cos' X — 2 cos :r cos y + cos' 2/ = - (5 — 2^6); 

1 , 
.-. cos 03 — cosy = ± - (^73 — s/2); 

' but cos a; + cosy = - (-v/3 + ^/2). 

By adding these equations, we have 

73 \ 

cos X = — , or — -- ; .'. a; = 30°, or 45°. 
2 V2 ' 

By subtracting them 

1 a/ 3 

cosy = — ' ^^ "2" ' •*• y ^ 45°, or 30°. 
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( 1 ) Prove the following theorems, 

_ 2 cos ^ ^ 2 tan i -^ 2 

^^ ^ = cosec ^A~ sec^ ^A — tan i ^ + cot ^A 

1 



cot i -4 — cot A ' 

sin 2 A cosec j^^ ^--2 sin j^^ _ cot ^^ — tan^ ^ 
cos-4 = 2gij^^== coseci-4 ~ cot^^ + tan^ J^ 

1 
1 + tan A tan i- yi ' 

2 2 cot ^ u4 __ 1 + sec A ^ 

^^^^^cotiA-teiniA'^QoV'iA-l " cot J ^ ' 

sec^ i A cosec^ jA cot j^- ^ + tan -^ A ^ 

^^^^ ""2- secH^ ~" cosecH^ — 2 ~ cot^^ - tan^^ ' 

cotH^ — 1 2 — secH^ cosecH^ — 2 
cot^— 2coti^ "" 2tani^ — 2coti^ ' 

1 + tanH-^ cotj^^ + tanj^-^ sec ^ ^ cosec j-^ 
^^^^^ ^= 2tani^ = 2 = 2 

(2) cos* A — sin* ^ = sin 2 A, 

(3) tan (45° + A) + tan (45° — ^) = 2 sec 2 A, 

(4) -2 tan (45° + ^) — - tan (45*^ — •^) = tan 2 ^. 

cos 2 ^ 1 

^^^ 1 + sin 2 ^ "" tan 2 ^ + sec 2 ^' 

, ^ sin 2 -4 

(7) 4 sin* (30° + A)=2 sin^ A + -/3 . sin2 ^ + 1. 

(8) cos 2^+ cos 2^ = 2 cos (^ + -5) cos {A - B). 

tan^ 

^ ^ * ~" sec ^ >/ vers -4* 

(10) 8 cot 2 ^ cosec* A = cot .4 cosec* A — t an^ sec* A. 

(11) (cos^+ y^^sin^— l)(cos^ — v/-l— 1) 

= 4 sin* i A* 

D 



2 
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sin 1 3 30 

(12) Prove that ^-^p^^^ -« 4 "'^ 2 ~ 4 "'* ~ 

(13) Shew that tan 9° = 1 + V 5 — >v/(5 + 2 -/5). 

(14) Prove that tan (45° — x) tan (45° — 3a;) 

1 — 2 sin 2x 
~ 1 + 2 sin 2x 

(15) Eliminate Ofrom the equations 

cos^ 6 + acosO = h; sin' + asinO = c, 

d) , „ . wi* — 1 

(16) If tan = tan' ^, and cos^ = — ^ — , 

2 

shew that m = 



[ (cos ^)^ + (sin 0)^ ] ^ 

1 — 2 cos 2(1 

(17) tan {a + x) tan {a — «) = 1 ^ 2 cos 2a ' ^^^ ^^° ^' 

X = 30<». 

/,^N -r/. wtancc «»tan(« — a:) _ ,, , 

(18) If —77 -v= 4 -' shew that 

^ '^ cos'* (a — X) cos* aj 

tan (a — 2x) = %ip^ tan a. 

(19) If 4x ==Sacos0 + a cos 30 ) shew that 

4y = 3d5sin^— asinS^j {a^ — x^ — y^Y 

= 27 »2^/. 

(20) If sin (/3 + a:) + sin (2a - ^ + x) 

= (cos^ ^ — cos* a) sin (a + 2x) — sin a (sin* /3 — sin* a), 
shew^that sec x = sin (a + p>) tan (a — ^). 

(21) If 2 tan-i x = sin"^ 2y, theny = -£^- 

/oox ^. ( cos0 + cos0 = a )^ , 

(22) Given { ^.x m i find cos and cos ^. 
^ '^ ( cos 50 + cos 5^ = i ) ^ 

(23) Given vers"' (1 + jc) — vers"' (1 — ^) 

= tan-' 2 v^(l — a*), to find x, 

' a;= ± 1,-H-and — 1. 
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(24) tan-' {;^)- tan"' (^) =f . find x, 



X=z-*- 



{2b) sec"* a — sec"' h = sec"* r — seer* -, find a?, 

a: = db rt J. 

1 1 TT 

(26) tan"* aj — tan"* y = tan"* tan"* — = t:;» 

^ 2y 2a: 12 

find X and y. 

(27) Prove that A + tan"* (cot 2 ^) = tan"* (cot ^). 

(28) Find the sum of n terms of the series, 

tan-* a + tan-* fq:x2? + *^~' 1-tI:3? + *'' 

(29) lfA+B+ C=i 180°, then 

(l)sinH-4 + sinHJ? + sin«4C'+2siniu4 8inJJ98inJC=l. 

(2) tan^ + tan^ + tan (7 = tan -4 tan ^ tan C. 

(3) cos2^ + C082J7 + C082 C = 1 — 4sin^sin^sin C. 

(30) UA^B+ 0= 90°, then 

(1) cos 2^ + cos2^ + cos 2 C= 1 + 4 sin^ sin^sin C, 

(2) tan ^ tan J9 + tan -4 tan C + tanJ?tan C =-^ 1. 

(3) tan A + tan J5 + tan C = tan ^ tan B tan C 

+ sec -4 sec B sec C 



CHAPTER III. 



16. There are six parts in erery plane triangle, viz., the 
three sides and the three angles, any three of which being 
given, the others can be found, except the case where the 
three angles are given ; for it is clear that if yon draw an 
indefinite number of lines parallel to the base AB of the 
triangle ABC, all the triangles so formed will have their 

D 2 
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angles equal, but the triangles may liuve their sides of any 
length whatever (see fig.) The angles of a triangle are 
generally designated by -4, B^ C, and the sides opposite to 
them by the letters ^, J, c. 

The first proposition which we set out to prove is the fol- 
lowing : 

The sines of the angles of a plane triangle are proportional 
to the sides which subtend them ; that is, 

sin -4 : sin i? : : rt : 5. 

From any angle C of the triangle ABC^ 
let fall the perpendicular CB^ then, by the 
definitions, 

-j^ = Sin ^, and ^= sm B, 

dividing the former by the latter, we have 

sin A CB CB_ CB , 
BinB ~~AC' CB^AC' 
i,e, sin A : sin B : : CB : AC : : a : h. 

In a similar way, by letting fall perpendiculars from A on 
BC, and B on AC^ we have 

sin B : sin C :: h : Cj 
sin A : sin C :: a : c. 

We now proceed to find the cosine of an angle in terms of 
the sides. 

When the triangle is obtuse angled. 

Ey Euclid, Book II. Prop. 12. 

BC^=AB^+AC^+2AB.AB,..{1). 

AB 
^ow — ^=cos CAB=—coBBACy b 

because the cosine of an angle is 

equal to minus the cosine of its supplement ; 

.-. AB=z-- AC cos BAC, 

this substituted in (1) we have 

BC^ = AB' + AC^-'2AB,AC cos BAC, 
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a- •= c^ + i* — ^hc cos - ( ; 

e- + IP' - (C- 

AVlien the triangle is acute angled, as in the first figure, wo 
have, by Euclid, Book II. Prop. 13, 

AC' = AlP + BC^ - 2 AB.DB..,(2). 

-~^ = cos J?, .-. BB = BC cos B ; 

IS 

this substituted in (2) gives 

AC'' = ABP + BC — 2 AB.BCcQ^ B, 

or Z»- = (?* + a- — 2ac . cos i? ; 

T, a^ + r — J' 
. . cos B = — ! . 

2ac 
Now, by putting c for «, and e? for p, and -4 for -S, we have 

cos ^ = 2^^ 

In the s^me manner 

cos C/ = -L — = . 

2a3 

17. I3y p. 27, cos ^ = 1—2 sin^ J Ay 

J'^ + c^ — a' 
.*. 2 sin^ iA = l — cos ^ = 1 — — ^^bc 



~" 2bo 

_ a- -^ (P ^2bo + c") a- ^ {b—cy 

~" 2bo ~~ 2bc 

Now, since the difference of the squares of any two quan- 
tities is equal to the product of the sum and difference of the 
same quantities, wo have 

Also, by p. 27, cos -4 = 2 cos- A — 1 ; 

_(*__+ 'T- -Zf { b + e + a)ib + c—a) 



:i 



•I 
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. Multiply (1) by (2), 

4 sin'i^ cos' iA J<^ + i + c)(a + l>-c)^-l + c)(-a+h + cX 

Extracting the square root, 

/ {a + b + c){a + h^c)(a^h + c){^a + h + c) 
2BmiAcosiA=A^ -^^^ ^ -^ 

but 2 sin J -4 cos J ^ = sin -4 ; 

.-. sin^= ^ ...(3), 

This is generally put under a different form by putting the 
perimeter 

a + b + e = 2S. 

From this equation subtract 2c, 

a + h — e = 2S— 2(? = 2 (/S — c). 
Prom the same equation subtract 23, 

a — b + ez=i2S — 2b:i^2{S'-'h). 

Also from the same subtract 2a, 

— a+b + cz=i 28 ^2a = 2 {8— a). 

Substituting these values in equation (3), 

. , ' V{^S2{8—c)2{8^b)2{8'-a)} 
sin^ — 2itJ 

^{16{8-^a){8-b){8-c)} 
"- 2bc 

^lS(8^a){8^b)(S^c)} 
= 2 Ve W- 

This is sometimes done in the following manner : — 

sin^ ^ = (1 — cos ^) (I + cos A) = ^I — *!±.^Z1?'^ 

_ {a + e^b){a + b^c)(b + c + a){b + g— a) 
which is the same as equation (3). 




COS 



TEIGONOMXIBT. 55 

From equation (1), 

^ V Uc "V ^0 

From (2), 

I J _ Ah+c+a) (4^g-g) _ /S { S-a) 

These values being of great importance, we shall collect 
them for eJasy reference. 

sin^ = ^ v/(>S(^-«)(^-J)(5-<?)) (a), 

be 

si..x^=^/C^-^)^(^-) (*). 

-*^=\/^^^ W' 

-^-^/^-^iS^\ ; ^^)- 

By the same method as above, sin £ and sin C may be de- 
termined ; but they may be more easily found from equation 
(4) thus, put J9 f or -4 ; a for i and b for a, and we have 

at 
Also putting c for A, a for r, and c for «, we have 

ad 



sin ^ = jL^[S{S-a) {S'-b) {S--c)] {e). 

GO 



sin C=i-^^[8(S-a) {S-b) {S^-c)) (/). 



PBACTICAL OBSEEVATIONS. 

Equation {a) may be used in all cases where A does not 
approach near to 90°. 

Equation {b) may be used in all cases where A approaches 
near to 90°. 

Equation {c) may also be used in all cases where A ap- 
proaches near to 90°. 
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Equation {d) may be used in all cases where A docs not 
approach near to 180°. 

18. The area of the triangle ^C'^ = riii^ 

but —— . = sin ^ ; .-. CD :=z AC miA\ 
AC 

. . AB.AC sin A /e\ 

• •A= (5). 

AVhere A represents the area of the triangle. We may also 
express the area of a triangle in terms of the sides from the 
above. 
By equation (4), 

sin^= ^ ^{SiS'-a) {S^h) (/Sf-0). 
oc 

This substituted in equation (5) gives 

A = l AB.AC. ^ ^[S{S--a) {S^-b) (5'-r)) 

^^[S (S-^a) (S^b) {8-c)]. 

19. AVhcn two sides and their included angle are giv^n, 

a sin A 
b sin £ 

Add unity to each side of this equation, 

^ , _ sin ^ a+b sin-^+sin^ 

^■^^""sini?'^^' •*• ~F"" Sr3 ••• ^^)' 

Subtract unity from each side of the same equation, 

^ — 1 sin.^ a-b sin ^ — sin -S 

b ^^^m^B"^'' •'• b ^ ffii:g ••• ^^)- 

Divide (1) by (2) and we have 

a-\-b sin ^ + sin ^ 
a — b sin -4 — sin -S 

But by Art. 17, sin ^+sin i? = 2 sin J {A-{-B) cos J {A-B\ 
and sin A - sin -5 = 2 sin J {A—B) cos J {A+B) ; 
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« — 6 2 sm i{A — jy )co3 ^ {A +£) 

_ tan|(^+^) __ cott C^ 
tan I (^— i?) tan J (-4— i?)' 
since tan -J^ (-4 +-5) = cot i- C, 
Tn logarithms, 
log tan i {A-S) = log (a— J) — log (a+3) + log cot | C. 

From f = !l^, we have 
^ sin^ 

log c == log a + log sin C — log sin A ; 

. may also be found from the formula, 

cos C --= ^ 7' 5 which may be adapted to logarithms iji 

the following manner : 

c2 = a' + i* — 2(75cos C] 
but cos C= 1 — 2 sin' J C; 
.-. ^2 = a' + J2 — 2«i (1—2 sin* i C^) 
= ^2 + J2 — 2aJ + 4flJ sinH C' 
= (tf— J)2 + Aah sin' J C 

now since .-^^ sin' J C= | ^^^ ^^ ^^^ * ^ 1 \ 

which, being a square, is necessarily a positive quantity, and 
as this may be of any magnitude whatever, we may put 

then r = {a—hf (1 + tan' 6>) = (a— i)' sec' 6 ; 

.•.<?== (a— ^) sec^, 
which is adapted for logarithmic computation, thus • 
log c = log {a—h) + log sec ^ — 10. 

The following is useful in cases where a and h are nearly 
oqual : 

r = rt' + i' — 2ah cos C ; 

but cos C=2 cos'JC— 1; 
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.-. c2 _ ^2 ^ j2 _ 2ah (2 COS* ^C-V) 

= ^2 + J2 ^ 2ah - Uh cos* J C 

( Aab cos* i (7 J 
= («+ 5)2 « 4^5 cos* J C= (a+i)2 j 1 - -(^:p^I- J • 

Now — ,.g is always less than unity, 

for »yaS is less than i {a-\- 5)*, or.(a4-^)* is greater than 4«5, 
and since the cosine cannot exceed unity, it is evident that the 
above is a proper fraction, and we may put 

. - Aah cos* J- C 

sin* =z — . . ,.o — ; 

.-. r = (a+i)*(l-sin*^) = (a+J)*cos*^, 
or e = (fl5+i) cos^, 
log c=:\(g {a+h) +log cos^ — 10; 

2 a* J* . 
since tan = 7 sin J C, 

log tan e=:log2 + xloga + 2'^ogb + log sin J (7 

— log((? — J). 
Also, since sin = r— ? cos i C, 

log sin ^ = log 2 + r log e? + 2 log J + log cos J C 

— log(«+5). 



ON THE AMBIGUOUS CASE. 

20, "Wlien two sides of a triangle and the 
angle opposite one of them are given, there is 
evidently an ambiguity; for if CA be taken ^ 
less than £Cy but greater than a perpendicular 
from C on JSA or BA produced, and if with 
C as centre and CA as radius, a circle be ^ 

* — — - > Va^ or a + b> 2A/ah or a* + 2ab + 0^> 4^ab, 

or (? — 2ah^h^> 0, or {a^hf> 0; 
i^/- nnr even power of a quantity is positive. 
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described, it must necessarily cut the line BAA in two 
points, while in all other cases it will either fall short of it 
or touch it only in one point. WJjen AC i^ less than a sin JB^ 
the triangle is impossible : but when ACz=.a ^iu B^ the tri- 
angle is right angled, and there is no ambiguity. And when 
^& is greater than BC^ there can be only one triangle, and, 
if it fall between these limits, there is an ambiguity, for thcre^ 
will be two triangles having the same data ; thus when the 
least side AC ia opposite the given triangle B, it is evident 
that either ABC or A'BC may £e the triangle required. 



21. To find the area of a triangle in the terms of the radius 
of the inscribed circle, and sides of the triangle. 

The triangle A CB is composed of the triangles A OB, A DC, 
and BOC\ being the centre of the inscribed cirtle. 



er 



2 




2 


AC . 


OE 


hr 


2 




"2 


BC . 


OF 


ar 



Now the area of the triangle 

AOC^ 
BOC = 



2 2 

Hence the area of the whole triangle 

^67^-2- +"2 +2"- 2~ •^- 

— 2 ^^ * semi-penmetcr, we may express 

the radius in terms of the sides ; putting, as before, A for the 
area of the triangle, 




A=irS; .-. r= -^ 



(1); 



but A= ^[SiS-a) {S—b) (S—c)} by p. 56; 
. „_. ^{8{S-a){S-b)(8-c)] 

• • ' Of 



60 



TRIGONOMETRY. 



22. To find the area of the triangle in tenns of the radius 
of the circumscribing triangle and the sides. 

By the 20th prop, of the third book ^ 

of Euclid, the angle AOB is double the .^ //' 
angle ^iC^. • 

Draw OD perpendicular to AB^ , 
whicli will bisect the angle AOB and i / ^0 



the side AB, 



Kow by p. 56, 
AC.CB sin ACB AC.CB sin AOB 



2 




ha AB _^ha 1 AB __ ahc 
T* al"~ "2* 2 • OA "Til 



'We may now find the radius of the circumscribing circle in 
terms of the sides ; for since 

ahc ahe «^£ /on 



Multiplying (2) by (3), 

ahc 



Br=z 



ahc 



4S~ 2{a+h+cy 
Ey dividing (3) by (2), 

B ahc 



Examples, 

(1) In a plane triangle if a, h, c be the sides, and Aj B, C 
thD angles, prove that 

c = ^ cos ^ ± VC^^ — ^^ sin^ A). 

Since cos A = ^r > 

2^tJ cos^ = P+c'^ — a'^y 
c- — 2hc cos A := a^ — P, , 
c* — ihccosA+h"^ eoB^ A = a^ — h'+P cos- -4 

=:a'^il^cos''A)h\ 
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c''^2hc OS ^ .f- 6- ( ■ ^* ^ = a' — i- Bin' A, 

t? = J cos ^ ± %/ (a* — i^ sin' A). 

(2) Find the area of a square when the difference between 
the diagonal and the side = m feet. 

Let X •=. side of the square, then as + /» = diagonal, 

ar* + ^^ = (^ + ^0*» ^^ 2a;* = (^ + »^)*> 
3:^/2 = a? + w, 

- aj\/2 — X :=.m^ 

ar(v/2 — 1) = »i, 

(3) Given the area, angle C, and a -\-h\ find the sides of 
the triangle 

ah sin C = 2A, 

sm 6 

Let rtJ + ^ = w» 
<i + 2rti + J2 = ^j2, 

^\no = -^ ; 

sin C 

sin C 
but « + J == 7« ; 

■ . '• ^ s/i'" - ."c) 

..« , 



m 
1 = " 



-'>/(""' -i^) 



fl2 + ^2 _ ^ 

COS C = — ^1 — 5 

2ab 
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whence c may be found ; or c may be found by the formula 
<F=L{a-\- hy — 4ah cos^ ^. (p. 58). 

(4) Given c, the base of an isosceles triangle, and jt? the per- 
pendicular from one of the equal angles upon the opposite 

side : shew that the area = 



By the 13th Prop, of the second book of Euclid 

hnt AC =BC] 
.'. BC = c" + BC^ ''2B,C.BB; 



BC = 



area = 



2BB~ 2s/{f—fy 
BC.AB _ pc" 

2 —^^(^c'—fy 




B 




a 


D 


A 

"/ 


>< 


^ 


7 


l^ 


' O 


\ 


/ 


A 






C 



(5) If 6 be the angle between the diagonals of a parallelo- 
gram whose sides a and h are inclined to each other at an 
angle a 

then tan 6 = ?^L25_?, 

Let BB = a, and AB = 5, 
then a^z=OB^+ OB^ + 2B0. OB cos 0, 
P == OB'' + A0'' — 2A0. OB cos 0, 
a^ — Pm= 2A0.0B CO90 + 2B0.0B co50 

= 2B0{A0+ OB) cos = 2B0.AB cos 0, 

area of parallelogram = ah sin a ; but AB.BO sin is also 
equal the area, hence by division 

ih sin a _ AB.BO sin ^ __ 1 x 

a'* — i=^ "" 2BO.ABc^0-^2 ' 

.. tan^ = M^ 

(6) In a triangle ^^C' prove that 

sin (^ — i?) _ fl'^ — ^g 
sin 6 "~ c2 ' 
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sin {A — ^) _ sin AcosB — cos A sin £ 
sin C ~" sin C 

sin A ^ sin 5 . 

= -. — jzcos JJ : — -cos -4 

sm C sm O 



c 2ac c' 2bo 



o 



(7) Prove that the area of a triangle ABC 

_ gi + p + e'' 

4(cot^ + coti? + cot Cy 

Since cos -4 = ^ , and by p. 56, sin-4 =-^ 

ej2 + ^2__i2 2A 

C08-S= !— , Sinjff = ; 

2ac ' ac 

COS (7= — !-— ; , Sin (7= -p. 

2flJ ' ai 

By dividing each in the first group by the corresponding one 
in the second, we have 

cot^= , ^ cot -5 = — I—- , cotC^= ^ — L. 

4A ' 4A ' 4A ' 

.'.by addition, 

4A 

__ flj2 + J2 + C^. 



.-. A=: 



4A 



4 (cot ^ + cot ^ + cot C)' 



(8) Prom the top of a mountain a miles high, the visible 
horizon appeared depressed A^ ; required the diameter (2r) of 
the earth, and the distance (^) of the horizon. 



Gi 
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In the annexed figure CIT = r + a 
and since UMB z=zA,B CMis evidently = A, 
CJI cos A=i B Cot {r + a) cos A =zr, 

a cot A 



.'. r=z 



a cos A 1 — cos A 



1 — cos A sin ^ * 

(Dividing numerator and denominator by 
stn A) 

a cot A sin A a cot A . 2 sin | A cos ^ A 

"" 2 sin^ i ^i ~ "" 2 sin- i A 

=1 a cot A cot i A ; 




—— = cot^, or- =cot^; .*.<? = — -— ; 
BM a cot A 



a cot A cot i -4 



cot -4 
= a cot J -/i. 

(9) If Z = length in miles of an arc of a great circle of 
the earth, and D the depression in feet of one extremity of it 

2 

below a tangent to the other, then 7) = - Z* nearly. 

o 

AC =1920 miles nearly, AB=L,EB=D feet =-r^ miles, 

5280 

•.• the triangles AIIB and A CB are similar ; 

J) 



5280 



: Z:: Z: 7920, 



„ 7920 _„ 




7. 2Z2 , 
.-. Z = --- nearly. 

(10) Given the perimeter, and the area of the triangle, 
and the angle A ; find a. 

By p. 55, cos i A = 4/-^ ^>7" ' 



.'. a = 
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he sin A -■-. 2 A, .*. he =^ -. — -, 

fiin A 

C0B^iA=- -^ Bin^=— ~~ — ^. 2 sin ^^ cosJX 

2A 2A " 

Divide by sin i A cob ^ Ay and 

coti^ = ^'""^^ , or 8a = S'-^coti A; 

A 

_ /S'^ — Acotjrtf 

(11) Given the area, side e, and A + B; find -4 — B. 

Since cos C =- — —r-^ , 

2ab ' 

^^2 + 32 — c' = 2«J cos C, 

/J* + 52 = (j2 + 2ah cos 6; 

o ;; 4A 
2a5 = -T— 7^, 
sm C 

4A 
a* + 2fl^ + P=zc^ + 2ah cos (7 + -^ 

sm 6' 

sm C sm 6' 

-r + 4A{cota-t-v/(l+cot'0)> 
rt + J =^ V[^ + 4A(cot 6^ + |/(1 + cot^ C))]. 

Ill the same way 

a^h=x/\_c''+ 4A{cotC-V(l + cot»6')}], 
a + h_ taniA+B _ / e^ + 4A { cot 6^+ \/(l + coi^ 0) I 
rj— 6 tani A — JJ^ V tr* + 4A(cot6'— V(l+cot»C))» 

tanK^--^) = tanH^+7y).A+^^!^^^^'^;^ + ^^^'^^)! 
^^ '^ ^^ ^V ^'+4A(cot6'+v/(l+cot'60j- 

(12) If from one of the angles of a rectangle a perpendi- 
cular be drawn to its diagonal, and from their intersection, 

'lines be drawn perpendicular to the sides containing the 
opposite angle, then putting P and p for the last perpendi- 
culars, and I) for the diagonal, P* + p^=zlr. 

Let the angle BAO = 0, then A J) sin = J)E^ P; 

but by (Euc. VI. 8th Cor.) AB.AJ) - A C\ .-. ^i> = ^ ^;- ; 

A Ji 



G6 
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.-. AI)=. 



but AC== AB sin d ; 
AIP sin^ e 



AB 



r=ABdn^e\ 




Ldznz 



A E 



G 



and since P = AB sin 0, Tre have 
P==AB^m'0=.DBm^e. 
In the same \ray wc have 

p = B cos^ (?, 

.-. P* = i>* sin- 0, andi?* = i>* cos* 0. 
By addition, 

jp* + / = i)' (sin- e + cos- 61) = D*. 

(13) If two circles, whose radii ai-e a and h, touch each 
other externally, and if d be the angle 
contained by the two common tangents 
to these circles, shew that a 

. ^ 4.(a — h)\/ah 

(<? + ^)^ B 

Let^^=:r, 0^==-E'C=a + J, CB=BB-EO ^a-h-, 







cos 



*».,(,-^.i»)=v/{'-(^-:)}=S' 

sin (? == 2 sin i (? cos J (? = l^^V^ V«^- 

(«^ + ^) 

(14) To find the distance between the centres of^ the 
inscribed and circumscribed circles, the figure being the 
triangle ABC, 

Let and o be the centres of cir- 
cumscribed and inscribed circles, 

Oo = ^, OA = E, 071 = r, / 



r 



•*• Ao = . , , 

sm ^ -4 

/. OAo=: OAC—oAc 

= J(l80°-^6>a) — 1^ 
■=90° — P-i^ A 

= 90^»_i?>_{90o_j(^+ C')j 

= J((7-P); 
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P= Ao'^-{-Ao'^-^2AoAo . cos OAo 

r^ 2Er 

= i2^+ . o , — > — -' — 1 — T COS i ( (7— U) ; 
sin^ i -4 sin J ^ - ^ ' ' 

=r^— 2i?rcosJ(^+^')cosi(C'— ^); 
.-. (22-i2^)(l— cos^) = 2r2 — 2i2r(cosi?+cosC7), 
Similarly, 

(a^— jB*) (1 — cos C')=2r2 — 2£r (cos ^+co8 ^) 
Subtract 
(a^-iT-) (cos C— cos A)= — 2'Er . (cos C— cos ^), 

.-. a2=i22 — 2i2r; .'. a = -/ (i22 — 2i2r). 
(15) If the angles of a triangle be in geometrical pro- 
portion, ratio r, the greatest side 

= 2 perimeter X sin 12^51 25''=. 
Let P =- a+h+Cy a =^ greatest side, 

^-^102° 51' 25'*^, 

7 

^= 5 P 25' 42"! 

(7= 25^ 42' 51" I; 

7 

n .1. (, . 3 ^) ( sinJ9 sinCl 



=a 



.*. a= 



a a) ( sin-4 sin. 

sin A'\-Bm ^+sin C 
sin -4 
Psin^ 



sin -4+sin P -f sin C 

__ 2F sin ^A cos J^ __ Psin^^^ 
~4cos J-4cosiP cos JC~'2 cos J^-ff cosjC" 



a = 
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But iA =B,^B= C, 

Psin B JlPsin jJB cos ^B ^ F sin 67 cos C 
2 cos 6' cos i^ (7 ~ 2 cos C cos A^ 6' " cos C cos A^ 6' 

PsinC 2PsmiacosiC „„. ,^ 

= r?7= r/v = 2P sin i C7, 

cos^C; cos JC/ - ' 

= 2 perimeter x sin 1 2^ 5 1' 25" r. Answer. 

(16) The sides of a triangle are in arithmetical proportion, 
its area=- of the area of an equilateral triangle, having the 

same perimeter, shew that the greatest angle =120°, and that 
the sides are as 3 : 5 : 7. 

Let a — X, a, a+;i?=the sides, then 3^= perimeter; 

.-. a = side of equilateral A, and - = half its base, 

!N"ow •.* both A's may have the common base a; .*. area 
equilateral A : area of the other :: altitude of equilateral 
A : altitude of the other ; 

3 d . ^ 3^.^ ._ 
or, l:g::2^3:— v/3=^Z), 

/ . No 27 , 
^ ^ ^ 100 

=a'^2a^[{a^xf--^^a']+{a^x)'---^^a' 



100 ' 
or, 2ax ^ a' + 2a .y/ [{a — xf — ^^ a^] —2ax, 

4.ax= a^+2a ^ [{a-xY^^^a^l 
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1 6a;*— Sax + a^=4(a''xY — —a' 

= 4a^^Sax + 4x'——a\ 

25 



12a^=: 


3a«- 


-S-. 


4a:« = 


a' — 


S". 


42:2=: 


16fl2 
25' 




X'^i 


4a2 
25' 


« « •£ 


a — xz=. 


3 
5^' 




a + x=z 


7 
5 ' 








AC=S, BC=5, AB=7, 

Sa 7a ^ ^ . 

.'. -r-, <»> — arc the three sides, which are as 3^^, 5«, 7^, 
o o 

or as 3, 5, 7 ; 

^_ ^a+ ^67' — ^^ _ 3'^+5^--7'^ _ l£___i 
^ 2AC.BC "2x3x5 30"" 2' 

but cos 120° = — -, therefore C = 120°. 

2' ^ 

(17) The angles of a triangle are as the numbers, 1, 2, 3 ; 

ana the perpendicular from the greatest angle upon the 

2»^ 
opposite sidais p. Shew that the area = —-, 

v/3 

^ + 2^ + 3^ = 180°; 
.-. ^ = 30^ ; ^ = 60°; (7= 90°. 
sin-4 : sin ^C2> :: j» : AJD, (fig. p. 52) 
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*■ 

sin A CD ~2 ,. 

AD=ip : --^=zp^^:=zpy/^', 

^ sin -4 ^1 ^ ^^ » 

2 

sin .5 : %mBCJ) :: i? : i).5, 

1 
sin JJ CD 2 jt? 

^^=^"^i^jr=-p^=73' • 

- , ^i? X P 4p p 2p' 

but area = = -^^ x "h = ^^^— . 

2 V3 2 ^S 

(18) The angles of a triangle am as the numbers, 2, 3, 5, 
and the side opposite the greatest angle =100 feet; find the 
remaining sides and the angles : 

2A + 3^ + 5^i = 180°; 

.-. ^ = 36°) 

yy = 54^ > the angles, 
C'=90° ) 

sin C : sin i? :: c : b, 

_ sin D 
o=zc- — -, 
sm C 

log J = log c + log sin B — log sin C, 

log c = log 100 = 2-00000 

log sin ^ = log sin 54^ = 9*90796 

11-90796 
log sin C = log sin 90° = 10*00000 

1*90796 = log-80-9. 

sin C : sin ^ : : <? : cr, 

sin A 
a = c- — -. 
sm C 
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log a = log + Itg sin A — log sin C 
log (? = log 100 = 2 00000 

log flin A = log sin 36® = 9*76922 

11-76922 
log sin C = log sin 90^ = 1000000 



3 _ 80-9 J^'^"'- 



1-70922 = log 58-78 



(19) Find a point within a triangle at which the three 
Bides shall subtend equal angles : 

BC = a] AP = x 

AC=h\ BP = y 

AB = c) PC = s5 

Then z APJB = BPC = APC = 120^ ; 

1 -v/3 

.*. the cosine of each = — -, and the sine of each — — ; 

2' 2 ' 

a^ = ^P2 + PC2 — 2PP . PC cos 120® 
= Br^ + PC - 2BP . PC (-^) 

= BP^ + PC + BP . PC, 
h'z^AF'.^PC^^AP . PC, 
c" = AP^ + BP'- + AP.PB A 

^2 + ^2 + ^2 ^ 2x' + 2y2 + 2z' ^-xy + yz+xz. 

Lot A ABC =m\ 
ni^ = ABPC + Au4P^ + A^PC; 

2 yz sin 120° , xy sin 120° , ^rz sin 120® 
m = 1 — ■ \- 




B 



• • 



2 ' 2 ' 2 

= -y (^y + y^ + ^2), 

^y + y2 + irz = 



3ry + 3yz + Zxi = 4ffi' >/3. 

But 2 (a;« + y« + z^) + (^y + ys + a:^) = ^^ + ft' + <^^; 

.-. 2(a:» + y' + «^) + 4(ary+y« + a:«) = a24-i' + c' + 4;;iV3, 
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a? + if + z' + 2{xy + yz + xz)=^{^ '^ ^^"^ "^ + 2;«' ^/3), 

x + y=p — z, 
x^ + 2xy + y'=={fi- ^)\ but ar^ + y^ + a-y = ^2 . 

.-. ary= (/3 — a)^ — c^ 

Also, since ary + a-;? + ya; = — — , 

-v/3 

a:y = — — z{y+x)\ but ac + y + « = /3 ; 

.*. ^y = ;;^-«(^-«); 

or (^ — ;5 + ;2;) (/3_z) — c'=: 



42 



iz-=.S^— (?- = — ^ |-2?;r ^3 — r — 

'^ v/3 2 ^ -s/3 

"~ 2 "''v^' 

1 /a^ + J2 _ ^2 2w^^ 



+ 



Also. = -^ +— j, 

1 /a^ + r — Z.3 2»^^ 
and V = — I ;: 1 h 

(20) An object 6 feet high, placed on the top of a tower, 
suhtends an angle = tan~^ '015, at a place whose honzontal 
distance from the foot of the tower is 1 00 feet, determine the 
tower's height. 
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Let DAB=a, AD = x, AB = y, 

then tan a = -015, .-. a = 51' 33" ; 
.*. sin a = -01513, cos a = -99989 nearly. 
Now 2 A DAB = xy sin a = -01513 xy. 
Also 2 A ABB = AC X BB = 100 x 6 = 600; 

.-. -015^:^ = 600, 
xy = 4000 

cosa= — -^-^ ,or -9939 == — ^ , 

2xy 2zy 

•9999= T:__^ .\ x^ + y^ = S002S 



80000 



2xy = 80000 



D 




a;2-i- 2^y + 2/2=160028 
a;2 - 2iry + y^ = 28 
a: + y = 400-035 
cc- y= 5-291 

2aj = 405-326 

tc = 202-663 

2y = 394-744 

y= 197-372, 

= t/( 197-3723- lOO'*) 
= v^28955-7G384 
= 170-23188 feet. 



(21) From the top of a mountain 3 miles high, the visi- 
ble horizon appeared depressed 2^ 13' 27"; required the 
diameter of the earth, and the distance {d) of the horizon. 

Eefening to the figure and formulae at page 64, we have 

r=i acoiA cot i A, 

T 

— = cot -4, r-=id cot A ; 
d 

. -. flj cot -4 cot i ^ = r? cot ^ 

d^=.a cot i A, 

E 
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Here rt = 3 miles, and ^ = 2° 13' 21" ; 

.•.(?=: 3 cot P 6' 434* 
log 3= 0-47712 
log cot 1^ 6' 43J"= 11-71194 

12-18906 
10 



2-18906 = log of 154-54; 
/.(^ =1154-54, 

r = « cot A cot \ A 
z=z a cot 2° 13' 27" cot 1° 6' 43 J", 
log r = log a + log cot 2° 1 3' 27" + log 1° 6' 431" 20 

log 3= -47712 
log cot 2° 13' 27" = 11-41075 
log cot P 6' 43J'' = 11-71194 

23-59981 
20 



3-59981 = log 3979 
,\r= 3979; .-. 2/- = 7958. 

(22) A person, at a known distance from two towers, 
observes that their apparent altitudes are the same ; he then 
walks a given distance towards them, till the angle of eleva- 
tion of one is double that of the other ; find the heights of 
the towers. 

Let X and y = the heights, 

AB = a, and a, y3, the angles, 

AI):=:b, 

CB == c, 
CD = d, 

tana = — = T"> tan 5 = -^ , tan 25 = — ; 
ah a c 

y 

2— 
t ^j. «^ 2tan/3 ^d 2dy x 

but tan 2Q = ; —-V— = •„= -jz — ^ = — ; 

^ 1 - tan*/^ 1_ y^ d^-y^ o' 

d" 
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and .'. 03= -y, 
b 

2 di/ h ay 2d a 



(e?2- y2) a = 2dch ; .-. d^-if = '—^, 

a 

f=d^^^J± 

^ a 

'=T-T\/r-— ) 



= iV(' - 



2cb\ 
ad ) 




(23) In the arc AB of a circle, centre 0^ AC is taken 
: sin AB; then will sector t76)^ = segment ACB. 
The sector COB + sector C^O^ 
= A5 6>^ + segment £ CA, /- ^^ 

or sector COB + AC ^ 

2 

= segment ACB + B^^ , 

but^2>= arc^C; 
.-. sector COB= segment ACB, 



PEACTICAL EEMAEKS ON THE SOLTTTION OF TEIANGLES. 

23. In working out the various problems in the solu- 
tion of triangles by the tables, when one or more logarithms 
have to be subtracted, it is better to write down their com- 
plements, or what each of them wants of 10, instead of the 
logarithms themselves, and then add them altogether, sub- 
tracting as many tens from the index of the sum as there 
are logarithms to be subtracted. 

e2 
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Thus, if the logarithm to be subtracted be 3*6947362, it 
is the same thing as to add its complement 6'3052638, and 
then to subtract 10 from the sum; the easiest way to per- 
form the subtraction is to begin at the left hand, and sub- 
tract each figure from 9 except the last figure on the right, 
which must be subtracted from 10. 

If the index of the logarithm be greater than 10, write 
down what it wants of 19, and take the rest of the figures 
from 9 as before ; observing, that after the addition is made 
20 must be taken from the index. Thus, the complement of 
the logarithm of 13-6874563 is 6*3125437. If the logarithm 
of a decimal which has a negative index is to be subtracted, 
add the index, considered as positive, to 9, and thdh find the 
complement of the rest of the figures as usual, and subtract 
10 from the index of the sum. Thus, the complement of 
the logarithm of 2-367^586 is 11-6325414. 

24. Before proceeding to the next examples we shall 
shew how the trigonometrical tables are constructed. (Sec 
Lcfebure de Fourcy's Trigonometric, p. 35.) 

Let us at first find the sin 10" ; we have before stated 
that if the diameter of a circle be unity the circumference 
= 3-141592653589793 = tt, and when the radius is unity the 
semicircumference = w, and since there are 64800 seconds 
in 180®, we shall have in parts of the radius 

arc 10" = —-— = -000048481368110. 
64800 

Now in very small arcs the sine and the arc are very 

nearly equal, hence tbc above may be considered as a good 

approximate value of the sin 10". 

25. "We proceed now to shew that in the first quadrant, 
the arc is greater than the sine and less than the tangent 

Let AFhe the sine of the arc A£f and ^Tthe tangent, 
and suppose this figure to turn round OP till the point A 
falls on C, we shall have the arc AC^ the chord A (7, and, 
consequently, the arc AB'^ AP ; hence, the arc is greater 
than the sine. !Wc have, also, the arc -4 C < (-^^+ ^^> ^^^ 
therefore ^5 <^T 

Hence it follows that if A — differs little from 1, the 



6in a 



ratio -: — differs still less. 
8in a 
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Also, as the arc decreases the ratio of that arc 
to its sine becomes as near to unity as we please ; 
that is, this ratio has unity for its limit. 

, , . ^ sin fl tan a 1 

And since tan a = ; .'. -; = . 

cos a sin a cos a q ^ 

Now, diminishing the arc (which is supposed less than 90**), 
the cosine increases and approaches unity as nearly as we 

please ; that is, the ratio or its equal -: — continually 

cos a sin a 

diminishes, and has unity for its limit. 

The arc being greater than the sine and less than the 

tangent, the ratio - — can never be less than 1 nor greater 

sin « 

tana 
than -: — , and since this last ratio can approach unity as 
sin a 

nearly as we please, the former one will also approach unity 
as nearly as we please, and it is on this account that we take 
the arc of 10" for the sin 10". 

26. We must now proceed to determine the degree of 
approximation 

sm a =« 2 sm - a cos - a, and tan ^^y^o' 

. 1 
sm - a 

2" ^1 . 1 .^ 1 1 

or p > -a; .-. sm - a > - a cos -a; 

cos -a 
2 

or 2 sin - a > rt cos ;- <i ; 

and 2 sin - rt cos - a > a cos^ - a, or sin a > a cos^ - a : 
2 2 ^ 2 "^ 2 ' 

but cos^ - a =: 1 — sin^ - a ; 
2 2 * 

.*. sin a > a ( 1 — sin^ -aj 
Bma>a jl — [^^j J >«^ — -5- 



78 TKIGONOMETEY. 

Applying this result to the arc of 10", taking the nearest 
value to five places of decimals, we shall have the arc of 

10'' < -00005, then - (arc 10")' < '000000000000032 ; 

hence we have 

sin 10" > {-000048481368110 — -000000000000032}; 

or sin 10" > -000048481368078, 

we see that this sine only begins to diflfer from the arc of 10" 
at the 1 3th place of decimals, and taking the nearest decimal 
it is the same ; hence it follows that we may take 

sin 10" = -0000484813681, 

and we may be assured that the error will be less than unity 
at the 13th place of decimals, 

and since cos 10" = yj\ — sin* 10", we have 

cos 10"= -9999999988248. 

27. ^e can now successively find the sines and cosines of 
20", 30," , , . and so on up to 45^, by means of the formulae 
(1) and (4), given at page 28, 

sin (« + i) = 2 cos 3 sin « — sin {a — h\ 

cos (<« + i) = 2 cos 5 cos « — cos {a — 5) ; 

we can consider the arcs a — h^a^a -\-'b^zA three consecutive 
terms of an arithmetical progression whose common dif- 
ference is 5, if we put ^, ^', f for these three terms, we 
have 

sin ^' = 2 cos J sin ^ — sin ^, 

cos H' =: 2 cos h cos ^ — cos ^ ; 

consequently, to obtain the sine and cosine for every 10" we 
must make h = 10", and putting a and /3 for the known 
values of the sine and cosine of 10", we have 



sin =0, 
sin 10"= a, 
sin20"=2/3sinl0", 
sin 30" = 2^ sin 20" — sin 10", 
sm 40" = 2^ sin 30"— sin 20", 
&c. &c. 



cos 0=1, 
cos 10"=^, 

cos 20" = 2^ cos 10"— 1, 
cos 30" = 2^ cos 20"— cos 10'', 
cos 40' = 2^ cos 30"— cos 20", 
&c. &c. 
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But as /3 differs very little from unity, 2/J is nearly = 2, 
and the calculation can be still more abridged ; put k for the 
difference 2 — 2/J, we shall have k = -0000000023504, and 
2y3 = 2 — k, consequently the value of sin f becomes 

sin f =1 2 sin ^' — ^* sin ^ — sin ^ ; 
.*. sin f — sin ^' = (sin t' — sin t) — k sin i!. 

In such a long series of calculation the errors multiply 
considerably, and we therefore cannot be sure of the decimals 
being coiTect to the end, but, by using the formulae given in 
Art. 15, we may verify the results, for the number of deci- 
mals common to both processes may be relied on as exact. 

"We may remark that when the radius is unity the sines 
and cosines will be fractional, and, consequently, their loga- 
rithms will be negative, in order to render them positive, 
the radius is taken = 10^°. 



EXAMPLES. 



In the right-angled triangle A CB, ^ven the hypothenuso 
AB =z 1785-395 yards and the angle ABQ = 59^ 37' 42", to 
find the other two sides. 



To find ACoih. 
h= c sin B, 
or log 5= logc -\- log sin jB— 10 
logl785-395 ...3-2517343 
log59°37'42" ...9-9358919 

logb 3-1876262 

.-. h = 1540-0374. 



To find BC. 
a=.c cos B, 
log a = log c -f log cos -ff — 10 

log 1785-395 , 3-2517343 

logcos59°37'42" ...9-7038132 



lOff^ 



2-9555475 



.-. az=z 902-708. 



In the triangle ABC (see fig. p. 52), given a = 9459*31 
yards, h = 8032-29 yards, c = 8242-58 yards, find A ; 



sin i -4 = 



= ^/ 



{ S—h) {S— c) 
Vc ' 



2flf=25734-18, >S=12867-09, >S-J=4834-8, /8f-<?=4624-51, 
logBini^=:10-t-^{log(>Sf-3)-|-log(>S^-^)-log5-log(?), 
2logsin J^ = 20 -f log(>S-J) -f log (/S— c)-log5— logc. 
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logiS-h) 

log {S^c) 

Comp. log b 

Comp. log c 

2 log sin i A 

log sia^A 

iA 

A 



3-6843V85 
3-6650657 
6-0951606 
6-0839368 

19-5285416, 
9-7642708, 
35® 31' 47", 
7P3'34". 



CHAPTER IV. 



ON POLYGONS. 

28. To find the radius of a circle described about a regular 
polygon of 71 sides. 

Let R = AC = radius, AB one of the sides 
of the polygon = a, A CB the angle subtending 
one of the sides of the polygon, then n times 
the angle ACB will be the sum of all the 
angles, or 360° ; 

Am> 360« 
.-. I. ACB =^ 




n 



Z. ACB^ — , 
n 



since CB bisects the angle A CB, 

R sin ACB = AB, or 2R sin ACB = AB) 



.'. R = 



AB 



AB 



2 sin A CB 



2 sin 



18^ — 9 "^^ cosec 



180<» 



n 



n 



1 180<> 
= - a cosec . 

2 n 



29. If now we suppose AB to be the side of a regular 
polygon described about a circle, then CB will be the radius 
of that circle, which call r, 



CB 
then -r^ = cot A CB 
AB 



cot 



180<» 



n 
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M 2 n 2 n ' 

i> . 1 / 180° . 180A 

.-. i2 + r= 2'^(cot-^ +cosec —-j 




180° 
cos 



' + 



. 180° f 

m I 

n J 



'. 180° 

siu sm 

n 

1 1 1S0\ a/ 90°\ 

sui-^T J 28inyC03 — 

, 180° 
„ 1 , 180= 180° 1 -cosec'-^ 
i2 . r = I a' cosec -^ cot — =-^a __, 

sec 



n 



1 180= 180 



o 



r; a cosec — cosec 



ic 2 » n 



r 1 180° ~ 180° 180° 180° 

•z a cot cos cosec cos 

2 n n n n 

30. To find the area of a regular polygon of ». sides in- 
scribed in a circle. 

The polygon is composed of as many triangles as there are 
sides of the figure : 

180° 180° 
area of the triangle A CB = AD . CD = r sin r cos 

, . 180° 180° 1 , . 360° 

= ^-sm cos = r.r'sin • 

n n 2 n 

Hence the area of the inscribed polygon = n times the tri- 

1 An7> ^*^ • 3^0° 

angle A CB = s ^ sin 

° 2 m 

AC. CB sin ACB 



Or thus, the area of the triangle A CB = 



r^sin 



2 
360° 



n 

■"■""J 



E 5 
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» 360« 
.'. area of polygon = n^ ^^ 

31. For the circumscribing polygon. 

AD 180° 

Let CD = r, -^^ = tan ^ Ci> = tan -^ ; 

180° 180° 

.-. ^i)= CDtan ^rtan— -, ^ 

180° ^ — ^^^ 
areaof A^C'i? =AD.CD = r'tan a 



c 




n 



D B 

180° 
area of polygon = n times the triangle A CB = m^ tan , 

n . 360|^ 1 . 360° 
area of the inscribed polygon 2 w 2 n 

T80° 



area of the circumscribed polygon , , 180° 

wr^tan 



n 



tan 



n 



1 ^ . 180° 180° 
o.2 8in eos 

2 n n 



\m 



sm 



180^ 
n 



2 



= co8* n 



180^ 



cos 



n 



The area of a circle whose radius is r = w r*. 

From the above the area of a polygon inscribed in a circle, is 

. 27r - 



^^ 2 • 

2^ Sin 



360 



n 



27r 



sm 



— = 7: r^ sin — = TTf^ n 
n 2 n 27r 

n 



n 



As we increase the number of sides, the area of the polygon 
approaches nearer and nearer to that of the circle, and when 
n is infinitely great it becomes equal to it, for then 

. 27r 

27r ^^ 

— is an infinitely small angle, therefore = 1 ; 



.'. area of the circle = wr*. 



n 



B 



> 
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Examples on the kco preceding Chapters. 

(1) Given the perimeter of a right-angled triangle, and th 
radius of the inscribed circle ; determine the sides, 

S = 2 ' 2 ^ ' 

db^28r, a + h + e=-28, a + 5 = 2/S — e?, 

aJ^h = 8-\-ry 
a'^ + 2 flJ + i^ = iS'^ + 2 iS'r + r^ 

4: ah = 8 iS'r ; 

a^^ 2 ah + 1)^ = 8^ — eSr + 7-, 

a-h = V{S' — 6Sr + r-) 
a + h = 2S^c, 
2a = 28 — + V{S^ — QSr + r), 
__ 2S—c + V{S^ ~ 68r + r^) 
^ 2 ' 

2 3 = 25 - c - V{S^ - 6/Sr + r^), 
^__ 2S- c- V{S' ~ 65/- + r^\ 

2 
c =^ 8 — r 
a^ + 2ah + ¥-= 48* — 45t? + <j» 
«« ^- JV-^ (^ 

2ah= 48' - 45tr, but ah = 26V, 

.-. 48r = 452 — 45^ 
48c = 452 - 45r 
4^ = 45 — 4r 
c = 8 - r, 

(2) Given the perimeter of the same triangle, and the 
radius of the circumscribed circle ; find the sides, 

a -\-h + c ^ ah ahc 

a + h + e = 28 2E =■ c, 
a + h = 28-' 2Ii, 
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a2 + 2ah + i^ = 4iS^ — ^SR + 4i2', 

.'. a' - 2fl^ + b" = 4i22 + 8;Sfi2 - 45* ; 

... rt -. ^ = v'(4ir- + 8/Si2 - 45*), 

a + ^ = 2iS — 2i2, 

2a = 25 - 2i2 + V(4i22 + 8flfi2 - 45*), 

25 - 2^ + V(4iy + 85i2 — 4/8^*) 
a = 2 ' 

25 = 25 — 2^ — y(4i? + 8522 - 45«), 

^ 25 - 25 — V(4i2' + 852?- 45') 
5 = 2 • 

(3) If (D) and {d) be the diameters of the two circles, and 
{a\ {h) the sides which include the right angle ; shew that 

AF+ FC+CD+DB='b + ay 
AF= AEojidi BE = BD, 
FC-=rmdI)C=r; 
'rAF+BF+2r=a + hy 
hut AF + FB = B, 

Hence a + b = B+2r==B + d. 

(4) The sides of a triangle are as 3, 5, 6 ; shew that 

-S : r :: 45 : 16, 

^ ahc _ 3.5.6 _ 3 . 5 . 3 _ 45 

•^*^^ ~ 2(a + 5 + (?) "" 2 (3 + 5 + 6) "" 3 + 5+6 "" Ti ' 

^ / (5-a)(5~5X^-0 -, / (7-3)(7-5)(7>6» _ /8 
V 5 ""V 7 ■" V 7' 




., 45 45 /8 45 /7 

^^=14-^=14'^ V7 = n^vg' 



45 x7 : 14X 8; 
22 : r :: 45 : 16. 
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(5) If the side of a pentagon inscribed in a circle be 1. 

Here «=5, « = !, 

perimeter = 5 == £ ;?r sin- 

n 

= 2x5rsm-— -, 
5 

.-. l = 2rsin 36° 
2^/2 

n/2 ' 

1 






n/( 5 — ^ 5) 
V2 



^ ^2 

^ v/2v/(5 + v/5) 

V(25-5) ' 

J_ ^/2^/(5+^/5) 
>/20 ' 

(6) Find the actual value of a side of a twenty-four 
sided regular figure inscribed in a given circle, 

=— p-=i|. "=-••■ 

sin 15°= ^ . . 
2^2 
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Perimeter = 2nr sin - 

n 

= 2x24r8in — 

24 

= 2x24rsin— , 

2 ' 

but sin ^ = 1{ v^(i+sin 2A) - v^(l— sin 2^)) 

=iiV('^ti-')V(-^-)!> 
•sj-x..4{^(>+<^)V('-^')} 

, , perimeter 
but a = - — — — : 
24 ' 



.*. « = 24r 



a/0+^)V('-'^) 



24 



='{a/0+-^)V(-^)}- 

(7) If r be tbe radius of the inscribed circle, 

area = r^ (cot J^+cot J ^+cot J 6/). 
By Euc. Book lY. Prop. 4, 

Now ^« = 0^ cot ^I^, Ca— Oa cot J (7; 

,-. a= Oa cot i ^-f ^^ cot J C^ 

a = r (cot|ri^ + cot J C\ 

J=V(coti^+cotiC), 

e? = r (cot i ^^ +cot J j5), 

a+h+c =r (cotJi?+cot J C) 

+r (cot i -4+cot J C7)+r (cot J ^+cot J^), 
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a^ r(cotlB+cotiC) + r(cotiA + cotiC)^r^cotiA + cot\JJ) 

_ ^ (2 cot I ^ + 2 cot ^ 7?+2 cot j C) 

2 
_^ 2 ^ ( cotM+cot^^+cot^CQ 

2 ' 

,8f = r (cot i ^ + cot J i?+cot I C). 
But area = 8. r, 

area = rr (cot ^A+eot ^ JJ+cot ^j C) ; ^ 
.'. area == r^ (cot I A + cot Ji? + cot J 6'). 
(8) The perimeters of an equilateral triangle, a square, 
and a hexagon, each including the same area, are as -^27, 

Let each ride of the A ABC at p. 82 =a, 3a = perimeter, 
.'. side of equal «iuare = -/— -f 

4 . A / -j-p "=" perimeter of square. 

z=z area of square = area of hexagon. Let x = side of hexagon. 

Area of hexagon = -- . cot - = — - . cot --— = — - cot 30** 
° 4 w 4 6 4 

3^ /o /3^* 27;c* 3tf* ^^ . . 

Gsc^ = flj', £c V6 = « ; .•.« = — = side of hexagon : 

Q—y- = a V^ =^ a V^ • V2 = perimeter of hexagon : 
3« : 2fl^'3 : (J V2 . \/3 = ^27 : ^16 : -^12. 
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(9) If be the centre of the circle inscribed in the 
triangle ABC, 

OA"" + OIP+ OC = aJ + ff^ + i^ - 12i?r. 

See fig. page 59. 

(9^ = r* + BF'' = y* + r^ cot^ i^, C 
OC"' = r^ + EC = r' + t- cot^ Ic, ) 

AOf + OB^^ OC^ = Sr + 7^1 coi'' ^ + coi^^ + (0?^) , 

by Art. 21, and p. 55, 

__ 3 (g - fl?) (^ - h) {8 - c) ^ (s -a) {8- b) {s - c) 

8 8 

f 8 {8^ a) 8(8-^ b) 8{8^C) ) 

1(« - i) (« - c) "^ (« - a) (« - t?) "*" (8 - i) (« - a)j 

^(8 ^ a) (8^b) (8— C) . . \0 , / 7\2 I / ^2 

= 3 -^^ — -^ + (« — ay + (« — by + (« - c/ 

8 

=: 352— 3,^— 3«J + Sab — 3«<? + Sac + 33^—— 

+ «2 — 28a + ft' + «2 — 2s5 + ^2 ^. 52__ 2«(? + c^ 
= 6s^ — ds^a + b + c) + a^ + b^ + (y" + 2ab + 2ac 

+ 2bc + ab + ae + bc-^ 

8 

= 6«2 — 5« . 28 + {a+b + cy + ab + ae + bc—l2Br 
= 6x2— los' + 4*2 + flj + ^(? + bo — l2Rr 
=z ab + ao + bc — l2Br; 

r.AO^+ 0B^+ 0C'' = ab + ac+bc^l2Br. 

(10) The area of a regular hexagon inscribed in a circle 
is a mean proportional between the areas of the inscribed and 
circumscribed equilateral triangles. 

Area of hexai^on = — sin — 

2 n 

6r^ . 360^ 

= — sm 

2 6 

= 3r2 sin 60° 

• — ^— --I 
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2 O 

Area of inscribed triangle = -^ sin — 

Sr* . 360° 
= — sm • — 
2 3 

= ysin 120° 

__3^ V3 
— 2 2 

3r2 V3 



TT 

Area of circumscribed A = wr* tan - 

2 



= 3r*tan 60^ 

= 3r^ V3 ; 

3;-2 V3 3r2 ^3 3r^ v/3 „ , ,„ 
.'. as — -^ : — 2^ :: — -^ : 3r^ \/3. 

(11) The square of the side of a pentagon inscribed in a 
circle is equal to the sum of the squares of the sides of a 
regular hexagon and decagon inscribed in the same circle. 

Pentagon, perimeter == » x -AB = 2 wr sin - ; 

n 

. 180° 
AB = 2r sm — —• = 2r sm 36° 

5 

„ V(5-x/5) -t/(5-V5) 
"2'^ 272 "^ n/2 • 

Hexagon, perimeter = n AB^ = 2nr sin -> 

180° 

AB,= 2r sin = 2 r sin 30° 

' 6 

= 2r2 = r; r.AB^^r". 
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-r. . . ^T. .180 

Decagon, perimeter = n AB^^ = 2 wr siii 



?^ 



AB^, = 2r sin ^ = 2r sin 18^ 

= 2r = r-^ ; 

4 2 

2 

(12) Three equal circles touch each other ; shew that the 
space between them is nearly equal to the square described 
upon a fifth part of the diameter ; find the area when the 
circles are unequal, and the radii as the numbers 1, 2, 3. 

Let rad. = -diam. = 1, tt -= 8-1416, 

2 (3-1416) ^^^^ ^ 
arc mn = -^^-g = -5236 x 2 

= 1-0472. 

Sector Amn = -^rx arc 7nn = -5236 ; 

.*. the area of the three sectors = 1*5708, 

Cn" ^AC^^An"; ,\ Cn= ^{A C ~ A^i") 

= y(^C^— 1)=-/(4 — 1) = V3; 

^^^^^^^- = 1.73205. 

Kow the space mno = ^ABC — 3 sector Amn 

= 1-73205— 1-5708 = -161. 

1 . 4 

Now the square described on - of the diam. = —■ = -16. 

5 25 

(diam.V 
— - — j nearly. 
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(13) Let rad. Co =zl,jBo=. 2, Am = tJ, then the diameters 
are 2, 4, 6 ; and the sides of the A ABC arc 

JBC =^S,AC=i 4, AB = 5, .-. AB- =zAC^ + BC^ ; 

^ C 
.-. z:C=90°, siiia=--. 

log 8in^ = log^(7— log^^+ 10, 
log 3 == -47712 
log 6 -= -69897 

^0 

log sin 36° 52' = 9-77815; 

.-. A = 36°-8666, 
^=53°-1333, 
360° : 36°'866 :: 3-1416 x 6 : 1*9305 = arc wiw, 

1-9305 X 3 

sector Amn = = 2-8958, 

2 ' 

360° : 53°-133 :: 3*1416 x 4 : 1*8546 = arc no, 

^ ^ 1-8546 X 2 , ^ 
sector Bno == = 1*8546, 




circumference of © wo C 3-1416 x 2 



= 1-6708 =arc mo. 



^ _, 1-5708 X 1 
sector Com = = -7854, 

2-8958 
1-8546 

•7854 



sum of sectors = 5-5358 

2 2 ' 

. space nmo = ^ABC — sum of sectors ='4642. 

(14) Given AB = a, BC=h, CD = c, three sides of a 
quadrilateral, and Z ABC= O.^BCI) =(j)\ shew that twice 
the area =^ah sin ^ + c^ sin — «c (^ + 0). 
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Let ABCJD be the quadrilateral. 

From the point A draw AE \\ BO, 
and froai the point J) draw DF || to ^^ i 
or^^, 

then oh sin = 2ABCD, 

and ah sin = the figure ABCE 

= UABFG + G^i^'C^^, 

.-. ah sin ^ + 5(j sin = 2^{ABB + i}CZ)) + D (?i^Ci7 

= 2 quadri. + D G^i^C^ 
= 2 quadri. + 2 A i>^C 
= 2 quadri. + <7t? sin (0 + ^) ; 
.'. ah sin ^ + J^ sin — ac sin (0 + ^) = 2 quadrilateral. 

(15) If i2 and r be the radii of the circumscribed and 
inscribed circles of a triangle : 

r = 4^ sin ^A sin ^B sin J (7. 

See Ex. p. 86. 

i(« + J + c) = r {cot M + cot IB + cot JC), 
area = r*(cot ^A + cot ^B + cot ^C'}, 
butM + i^ + JC' = 90<'; 

.-. by Ex. 26, p. 45, 

area = r'*{cot J^ + cot \B + cot ^C i 
= ^-^ cot J^^ cot ^B cot i C. 
And by Art. 22, Chap. III., and formulse, p. 55, 

area = 2i2^ sin-4 sin^ sin C 

= 4jR'* sin ^A cos ^A 2 sin ^B cos |2? 2 sin JC cos JC 
= 16i2^ sin J^ cos -^^ sin ^B cos J^ sin J (7 cos J C 
= /'^ cot i^ cot ^B cot i C 
2 cos }^A cos ^^ cos ^C 
^ sin J^ sin ^B sin JC" 

.'• r^- — r-j -= — TT> ~ — rrr= 16i2^ sin iA sin IB siu i 6' 
sin ^-4 sm i-o sin i -* j ^ » 
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.\r'=l6IP (sin iA sin ^B sin i CT)' ; 
.*. r = 4R ein J^ sin J^ sin JC 

(16) In the triangle ABC take a point i), join DA, DB, 
DC; given AB, AC, the ZABB, ZACB, and ^^2?i)6r, 
find^a 




AB=^a, 


jCABD = a, 


AC=^h, 


ZACI) = ft, 




ZBJDC==y, 



B C 

Zl)BC+ j/BCB^TT — y, 

ZABC+ ZACB = {7r—y-\-a+p\ 
ZBAC ==^__(7r — y + a + /?), 

ZBAC ^y^a — fi, 

BC = y/i^AB" + AC — 2AB .AC COS BAC), 
BC= \j[d?' 4- J« — 2aJco8(r — a - /3)). 

(17) ABCD is the circumference of a ^ 
circle, its centre, from C draw a tangent to 
the circle meeting the radius OA produced, 
in P, join FB; then if CFz=ia, BP=h, 
6 = angle formed hy I)P and a tangent at D, 

prove that r = — -7— cosec 9, r being the 

radius of the circle. 

COP is a right-angled triangle ; 

.-. OP^ = fl' + r^ 
and in AODP, the sides OD,DP, and ^ GDP are known. 

.-. 0P2 = J2 ^ ,.2 _ 2lr cos U + ^) ; 

.-. ^2 ^ r^ = 52 + 1^ — 21)7' cos ^^ + (?j; 
.'. fl2— J2__ 2hr sin<?; 

.-. r = ^, . ^ = -rr: — cosec 6. 
2bsme 2b 

(18) Given the three perpendiculars from the angles on 
the opposite sides ; find the sides. 
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AC=a, BE=h, LF=c, 
2A = ex = Jy = az, 

2A = 2V(^(^ — a;)(>S' — y)(^ — z)); B 




— o /l ^ + y + g y + g— a^ aJ + «-y aJ + y — z\ 
~^V\ 2 2 2 2 j 

-VI('n^0(l+;-)(-+:-l)('+3-0|.- 



2tf 



a; = 



Similarly, 



2i 



y 



TIK^M^RRIJRII' 



2« 






A/{('+f+30+;-')('+r!)('+J-f)}' 

(19) If / = the base of a polygon, «3^, &c., the sides 
beginning from the base, aj3y, &c., the angles made by abc^ 
&c., with the base, then 



^ =: ^ cos a + ^ cos /3 + t? cos 7 + &c. 
Let AB =z If from the upper angles ^^- ^• 



/-- 



A 7U 



-> 



\ 



draw lines perpendicular and parallel to 
the base. Then (fig. 1), 

Am = a cos a, mn=:h cos /3, 

no =^ c cos y, oB = d cos 5, 

-4^=-4wi+?»w + wo+o-5 = «cosa + Jcosp+ccosy+r?cos5; 
.*. / = rt cos u + b cos /:i -i- c cos y + &c. 



\ 

ti 
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Fig 2. — =: COS (a — tt) = — COS a 



Am = a cosa, mn = Atn + -4f* = h cosy3 

«0 = C cos y, oJi z=:d COS C, t 

-(42? = — Am + Am + An + no+o]I « ^ « 





li 



= flf cos a + J COS /3 + (? COS ^ + &c. j 
.'. / = a cos a + J cos /3 + ^ cos y + &c. 

32. The two following rules may be found useM to 
practical men ; tlio first is when two sides and the included 
angle are given, and the second when the three sides are 
given. 

By Art. 19, J^:-^ = tZi{A-^Uy 

Hence the following rule : 

As the sum of any two sides of a plane triangle is to their 
difference, so is the tangent of half tlie sum of their opposite 
angles to the tangent of half their difference. 

J* + r — a^ 
By Art. 16, cos A = tt ; 

.*. a^ — b^ = c^ — 2beco8A 

^.C{c'-^2bcoBA\ 
{a + b){a — b)= C(€ — 2b cos A) = c {AD - DB), 
: a + b :: a — b : AD ^ DB, 

From this we have the following rule : 

Take the longest side for the base ; then as the base is to 
the sum of the other two sides, so is their difference to the 
difference of the segments of the base. 

Half the sum of the segments added to half their difference 
gives the greater segment, and half their difference subtracted 
from half their sum gives the least. 

The following logarithmic fonns for right-angled triangles 
may also be useful, although they are only the definitions at 
page 8 put into logarithms. 

Referring to the figure, page 52, considering (7 to be a 
right angle, we have by the definitions, 
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, . BC a . AC h ^ . BC a, 

sin A = --=: = - , cos -4 = --— = - , tan A = -r?, = t * 
AB c' AB c' AC h 

in logarithms, 

log a = log (^ + log sin ^ — 10 = log 5 + log tan ^ — 10, 
log 5 = log(? + log cos -4 — 10 = log a — logtan-4 — 10, 
log c = log a — log sin J. + 10 = 10+ log a — log sin A. 

HEIOnTS AND DISTANCES, ETC, 

(1) In the year 1784, a base BC being measured on 
Blackheath, of a mile in length, the angles of 
elevation of Lunai'di's balloon were taken, at 
tlie same time, by observers placed at its two 
extremities and in the middle ; the one at c ^ 
B being 46° 10^, that at P 55*^8', and that at p 
C'54°30': required the height OA of the bal- 
loon. — Bonnycastlc's Trigonometry. 

Investigation, 
By right-angled triangles, 

AB = OA cot OB A ; AF=: OA cot OFA ;AC=OA cot CA. 

Kow AB'- ^AC^^ 2AP' + 2^PS 

or ABT' + AC' — 2AF^ = 2i?i», 

hence by substitution we have 

OA'^ cot^ DBA + OA} cot^ OCA -^2 OA'^ cot^ OFA = 2BF\ 

OA^ (cot^ OB A + cot^ OCA ^2 cof* OFA) = 2BF^, 

2BF'- 




0A^ = 



OA=i 



cot* OB A + cot' OCA — 2 cot* OFA ' 

BFV2 



l/{cot* OBA + cot* OCA — 2 cot* OFA } ' 

(2) Observing an object OA at a distance, I took its 
angle of elevation OBA at the place where I ^ 

stood, and found it to be 50° 23' ; I then mea- 
sured a distance FB of 60 yards, in the most ^ ,""'"/. 

convenient direction the ground afforded, and y;;--!/' 

at this station found its elevation OFA to be fsT.T- 
40° 33'; after which I measured on, in the b" 



.w 



■.It 

A 



TinGdNOMETOY. 07 

same line, 50 yards further to (7, and at this place found its 
elevation OCA to be 30° 49'; from which it is required to 
determine the height of the object, and its distance from 
«acli of the three stations J3, P, C. 

Investigation. 
Since ^^= O^cot OBA,AP= OAcot OFA,AC= OAcot OCA, 

cos mFA = 9^P JJP > ^^^ ^^^ CAF, which is equal to 

^^, CF^ + AP^-^AC^ 
^cos FPA= 2AP7CF ^ 

FF^ + AF^ — AIP ^ _ CF^ + AP^ — A C 
BF CF 

CF, AB'+BF, AC^-{ CF+BP) AP'^={ CF+BP) . CF. BF ; 

.'. bv substitution we have 

CF. OA'' cot- OBA +BF.OA' cot^ OCA — (6'P + BF) x 

OA^ cot= OFA -= ( CP + BF) . CF . BF, this reduced gives 

CPcot^ OBA+BPcof'OCA— ( CF+BP) cot' OFA 



OA 



^- 



{CF+BP). CF.BF 




(3) If the height of the mountain called the Peak of 
Teneriffe be 2i miles, as it is very nearly, and the angle 
taken at the top of it, as formed between a plumb-line and 
a line conceived to touch the earth in the horizon, 
or farthest visible point, be 88° 2* ; it is required 
from these measures to determine the magnitude / ' "^ d 
of the whole earth, and the utmost distance that 
can be seen on its surface from the top of iLe 
mountain, supposing the form of the earth to be 
perfectly globular ? 

Let EF represent the height of the mountain, ED tlie 
tangent /L. E =^ 88° 2', BC ^ semidiameter of the earth. 

Since EBC \^ ^ right angle, and /_ C = 1° 58', -^ CBF 
= /L CFB, each of which == 89° 1', and ^ EFD = 90*> 59', 
consequently Z^ EDF == 0°_59'. 

V 
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Then, as sin z. EBF ^"^ 69' log ar. co. 9*765443 

sin z. -£'i^-Z? 90° 59' log 9»999936 

i^T^ 2J miles log 0-367977 

^i> 135-94 log 2-133356 



And (Euc. III. 3G) 



(135-94) 



— 2-3333 = 7916 miles. 



N 



B 




2-3333 
(4) A point of land was observed, by a 
ship at sea, to bear E. by S. ; and after sail- ^' /\\ 
ing ]N".E. 12 miles, it was found to bear S.E. wj 
by E. It is required to determine the place 
of that headland, and the ship's distance from « 

it at the last observation. 

Let C be the point of land ; A the former and B the 
latter place of observation. In the triangle ABC are given 
the angle A 56'' 15', the angle B lOP 15', and the side AB 
12 miles; consequently the angle C is 22° 30'. 

Then, as sin 22° 30' ^ C log. ar. co. 10*417160 

: sin 56° 15' Z.^ log 9-919846 

12 miles AB ♦ log 1-079181 






: 26-0728 miles BC, distance required, log 1-416187 

(5) A string passes round the circumferences of two given 
circles, in the same plane, and at a given distance from each 
other : required the length of the string. 

Let GEIFDK represent the string touching the two 
circles, draw from the centres B and the radii BB^ OF^ to 
the points of tangence ; these then being each perpendicular 

D 

F 




to FB are parallel to one another ; through F draw FC 
parallel to OB, then FC =: OB aiid FO = BC; 

Let OB = 14 in., OF = 1 in., and BB = 8^ in. 

jSTow FB = VFC — i>6'2 = VOB" — {BB — OFf 

= V(H'-7-52) __ 11.82159: 

FB FB 11-82159 „,,„^^ 

- = -844399 ; 



^dsinFCB=-=- = 



14 
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.-. Z- FOB = ^ OBC = ^ lOF = ^ 67*^ 36' 25". 

Hence z. BBH ^ 180° — /. i>50 = 180° — 57° 36' 25" 

= 122° 23' 35". 

Then, as 360° : 57° 36' 25" :: 6-2832 (circumference of 
the less circle) : 1*00543 = the arc FI. Also 360° : 122° 
23' 35" :: 53-4072 (larger circum.) : 18*15742 = arc BE. 

Hence IF ^ FB -{■ BH = 3098444, twice which, or 
61*96888 inches = 5 ft. 2 in. nearly, is the length of the band. 

(6) The side of a hill forms an inclined plane whoso angle 
of inclination is known ; required the direction in which a rail 
or other road must run along the side of the hill, in order that 
it may have an ascent of 1 in every n feet. 

(7) Wanting to know the height of an inaccessible tower ; 
at the least distance from it, on the same horizontal plane, I 
took its angle of elevation equal to 58° ; then, going 300 feet 
directly from it, found tKe ^iglc there to be only 32° ; re- 
quired its height, and my distance from it at the first station ? 

Height 307*53, distance 192*15 ft. 

(8) Being on a horizontal plane, and wanting to know the 
height of a tower placed on the top of an inaccessible hill : I 
took the angle of elevation of the top of the hill 40°, and of 
the top of the tower 51°; then measuring in a line directly 
from it to the distance of 200 feet farther, I found the angle at 
the top of the tower to be 33° 45'. What is the height of the 
tower? 93-33148 feet. 

(9) From a window near the bottom of a house, which 
seemed to be on a level with the bottom of a steeple, I took 
the angle of elevation of the top of the steeple equal 40°; 
then from another window, 18 feet directly above the former, 
the like angle was 37° 30' : required the height and distance 
of the steeple ? Height 210*44, distance 250*79 ft. 

(10) Wanting to know the height of, and my distance 
from, an object on the other side of a river, which appeared 
to be on a level with the place where I stood, close by the 
side of the river ; and not having room to measure backward, 
in the same line, because of the immediate rise of the bank, I 
placed a mark where I stood, and measured in a direction 
from the object, up the ascending ground, to the distance of 
264 feet, where it was evident that I was above the level of 

f2 
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the top of the object; there the angles of depression were 
found to be, viz., of the mark left at the river's side 42°, of 
the bottom of the object 27°, and of its top 19"^. Required 
the height of the object, and the distance of the mark from 
its bottom? Height 57*26 ft., distance 150-50 ft. 

(11) "Wanting to know my distance from an inaccessibl-3 
object Oj on the other side of a river, and having no instru- 
ment for taking angles, but only a chain or cord for measuring 
distances, from each of two stations, A and B, which were 
taken at 500 yai-ds asunder, I measured in a direct line from 
the object 6>, 100 yards, viz., AC and BJD each equal to 
100 yards ; also the diagonal AD measured 550 yards, and 
the diagonal BC^ 560. What was the distance of the object 
from each station .^ and ^ ? AO 536-81 yds., i?0 500-47 yds. . 

(12) The elevation of a tower is observed. At a station 
(a) feet nearer, the elevation is the complement of the former ; 
(3) feet nearer still, it is double the first elevation. Shew 
that the height is 



a/{(« + *)'-?} 



(13) n the angles A, B, C of & triangle ABC be as the 
numbers 2, 3, 4 respectively ; then 

A a +c 

2c08-=— . 

(14) If in the three edges which meet at one angle of a 
<}ube, three points A, B, C be taken at distances a, 5, c from 
the angle respectively; the area of the triangle ABC formed 
by joining the three points with each other 

(15) If the tangents of the angles of a plane triangle be in 
a geometric progression, whose ratio is n, shew that 

sin 2 (7 = w sin 2 A, 

(16) If the tangents of the semiangles of a plane triangle 
be in arithmetical progression, the cosines of the whole angles 
will also be in arithmetical progression. If B and r be the 
radii of the circles described about and inscribed in the triangle 
ABC, then the area of the triangle 

A == Br (sin A + sin B + sin C). 
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(17) In a right-angled triangle, (77), CE ai'e drawn from 
the right angle (7, making angles a, (i with the hypothenune; 
the area of the triangle 

CDE = ^ (cot a - cot ft). 

(18) If a, /3, y denote the lines bisecting the opposite 
sides a^ 3, c of any plane triangle, shew that 

a' + /3* + y = ^ {a' + i^ + 6'^) ; 

(19) Let flf, 5, t? he the sides of a plane triangle, and a, ftj 
y the lines bisecting the angles and terminating in the oppo- 
site sides ; then will 

At- = 7 ^ — ; ■ — : X area of the triangle. 

aoc {a + b) {b -\- c) {c + a) 

(20) If lines he drawn from the angles of a plane triangle 
to a point within it, so as to make equal angles with each 
other, their sum will be represented by 

y {«2 - 2ah cos (C+ 60«) + 5^). 

(21) The squares of the sides of a plane triangle added to 
the squares of the radii of the four circles respectively touch- 
ing these sides is equal to fom' times the square of the circum- 
scribing diameter ; required a demonstration. 

(22) If a, hf c be the sides of a triangle, and a, /3, y the 
perpendiculars upon them from the opposite angles, shew 
that 






/P y"" he . ac ah 
fty ay aft a" b' <r 

(23) If i? be the radius of the circle circumscribed about a 
given triangle ABC, and r the radius of the inscribed circle, 
shew that 

."4-^^2r-(""^2+^^" 2 + ^"^ 2)!- 

(24) In any plane triangle, the square of the distance 
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between the centre of the inscribed circie and the intersection 
of the perpendiculars 

= 4ic- — 2Iir — -^ . 

a + -{- e 

(25) ABC is a plane triangle, P a point within it from 
which the sides subtend equal angles, it is required to find 
any number of such triangles having the sides, and the dis- 
tances AFj BF, CP all expressed in whole numbers. (Sec 
^Q, page 71). 

(26) If T (1) denote the sum of the angles of any polygon, 
T (3) the sum of all the products that can be made by taking 
them by threes, T {b) the sum of all the products that can be 
made by taking them by fires, and so on, then supposing 
radius to be unity 

T{1) - r(3) + r (6) - 5" (7) 4- &c. = 0. 

(27) The sum of the diameters of the inscribed and circum- 
scribing circles of any plane triangle is equal to 

a cot -4 -f 3 cot -ff + (7 cot C, 

(28) If a, 5, c denote the sides and S the semiperimeter of 
any plane triangle, the square of the line drawn from the 
vertex to the lower extremity of the vertical diameter- of the 
circumscribing circle is 

he {h + r)- 

4/S(/S-a)* 

(29) In a plane triangle let r be the radius of the inscribed 
circle jR, jk and E' the radius of the three circles touching 
the sides of the triangle externally ; then will 

required a demonstration. 

(30) Let a, by c be the three sides of a triangle, and 
r, r\ t\ r'" the radii of the four circles which touch them, 
then 

ab + ac + lc = rr' + rr' + rr" + rV + rV + r'Y\ 
that is, the sum of all the rectangles made by the binary 
combinations of the sides is equal to the sum of all the rect- 
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angles made by the binary combinations of the four radii of 
the circles of contact. 

(31) If from one of the angles of a regular polygon of n 
sides, lines be drawn to all the angles, shew that their 

90° 
sum = a cosec^ — , 2a being a length of the side of the 

n 

polygon. 

(32) Having given three lines drawn from any point 
within a square to three of its angular points, determine a 
side of the square. 

(33) • The shadows of two vertical walls, which are at right 
angles to each other, and are a and a^, feet in height, are 
observed when the sun is due south, to be h and b^ feet in 
breadth; shew that if a be the sun's altitude, and fi the 
inclination of the first wall to the meridian, 

(34) The distance between the centres of two wheels =: a, 
and the sum of their radii = c ; shew that the length of a 
string which crosses between the two wheels and just wraps 
round them 

= 2 I v^ (fl2 — ^2) + c cos-' (— -)l . 

(35) If an equilateral triangle have its angular points in 
three parallel straight lines, of which the middle one is dis- 
tant from the outside ones by a and 3, its side will be expressed 
by the following formula, viz., 

+ ah + P 



side = 2^- 3 
or 2 A^ + ^f-^^ 



V' 



3 
required the proof. 

(36) The hypothenuse {c) of a right-angled triangle 
ABC is trisected in the points JD, E\ prove that if CB^ CE 
bo joined, the sum of the squares of the sides of the triangle 

CBE = — . 
3 
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(37) Four places situated at unequal but given distances 
in the same straight line, appear to a spectator in the same 
plane with them to bo at equal distances from each other ; 
find the position of the spectator. 

(38) The area of a quadrilateral inscribed in a circle 

= y{(^— a) {8 — h) {8—c) {8 — d)}, 

(39) If D and D' be the diagonals of a quadrilateral figure, 
and their angle of intersection, then the 

area = -D.l/ sin 0. 

2i 



CHAPTEE V. 



DEIIOIVRE^S TnE0EE3r. 



33. This theorem, to which vre give the name of the 
French geometer that discovered it, is as follows : 

(cos + -v/— 1 sin 0)" = cos ?i0 + -v/ — 1 sin 7?0 (A). 

It expresses that, to raise the binomial 

COS0 + >s/ — 1 sin 0, 

to any power whatever, it is sufficient to multiply the arc 
by the index of the power, we may either put the sign 

+ or — before -x/— 1, 

for that is the same as changing into — 0. 

The case where the index is a positive whole number is the 
first we shall proceed to consider. 

By multiplication we find 
(cos + >v/ — 1 sin 0) (cos Y^ + ^— 1 sin Y^) 
= cos cos Y^ — sin sin Y^ + v/ — I(sin0cos'^ + cos0sin"^). 

Kow from the formula) Art. 13, the real part of this pro- 
duct is equ al to cos (0 + Y^), and the imaginary part is equal 
to v^— 1 sin (0 + Y^) ; then 

(cos + V — 1 sin 0) (cos Y^ + -s/ — 1 sin Y^) 

= cos (0 + Y^) + sj^^l sin (0 + Y^), 
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That 18 to say, by multiplying together the two expressions 

of the form cos + yj — 1 sin 0, we obtain a similar expres- 
sion, which contains the sum of the two arcs. 

In order to multiply the product by a new factor of the 
same form, it is sufficient to add the new arc to the other two, 
and thus we may continue the operation to any number of 
factors. Then, if we suppose that there are n factors, each 
equal to cos + V — 1 sin 0, it will become 

(cos0 + \/ — 1 sin0)"= COSW0 + ^ — 1 sin w0 (1). 

Let us consider the case where the exponent is fractional. 

In replacing by -, the formula (1) becomes 

(0 0\" 

cos — J- V — 1 sin — I = cos + V— 1 8"i 0> 
n nj 

and, by extracting the nth root, and putting a fractional 
index in the place of the radical sign, the formula {A) will 

be demonstrated for the index - ; for we have 

n 

(cos0+\/— 1 sin0)'* = cos — |- i/— 1 sin- (2). 

n n 



m 



Generally, the expression A n signifies that we ought ta 
raise A to the mth power, and afterwards take the «th root 
of the result. Consequently, if we raise cos + \/--~l sin 
to the power m by the formula (1), and if afterwards we 
extract the wth root by the formula (2), it will become 

(co8 + V — 1 sin0)" = cos [- V— 1 sin— ^ (3). 

n n 

This is the formula {A) in which w is changed into any 

positive fraction — • 

n 

Finally, when the index is negative, we observe that 



(cos «0 + -v/— 1 sin w0) (cos «0 — V— 1 siii w0) 

= coff* «0 + sin^ w0 = 1 ; 
p5 
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and from this we find, 

1 



== cos wj) — -v/— 1 sin «0 ; 



cos n0 + \/ — 1 sin n(j> 
or which is the same thing, (by formula 1), 



(cos + /s/ — 1 sin 0)~" = cos (— w0) 

+ y^l sin (— w0) (4), 

since the cosine of a positive arc is the same as the* cosine of 
an eqaal arc taken negatively. 

Thus, the formula {A) is true, when we take for n any 
positive or negative number whatever. 

We have not used irrational indices seeing that they are 
not of any utility, as we cannot replace them by commen- 
surable numbers,- which however may dijffier therefrom as little 
as we please. And as to imaginary indices, they are not sus- 
ceptible of any interpretation. 

The formula {A), which is so simple and elegant, appears 
to have a serious defect when the index is fractional. In fact, 
the first member, being then equivalent to a radical expres- 
sion, ought to have many values, whilst the second member 
presents only one. The explanations which follow have for 
their object to correct this imperfection. 

Let us return to formula (2) in which w is a positive whole ; 
number. From the principles of Algebra, the first member, 

which is equivalent to ^(cos + V — 1 sin 0), ought then to 
have n different values ; and in order that the second may 
give all of them, we shall shew that it will suffice to. replace 
by all the arcs which have the same sines and cosines as 
itself. The general expression of these arcsis0'-h hC, C 
designating the whole circumference, and h any whole posi- 
tive or negative integer number. By putting -f X'Cin the 
place of 0, the second member of formula (2) becomes, 

+kC — . + ^-67 

cos ^-^/--lsln (5) • \ 

n n 

And in this state, we say that it has precisely the same 
values as the first member. 

And first, since n is an integer, it is clear, from formula 
(1), that by raising this second member to the power », we 
arrive again at the form cos + V — 1 sin 0. 
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In the second place, if we make successively /j = 0, ^ = 1, 

)& = 2 k-=.n — 1, we obtain n different values. 

Tn fact, let there be any two values, 

cos f- -v/ — 1 sm » 

n n 

and cos — --^ h n/ — 1 sin-^— ^-^ J 

n n 

in which a and fi are integer numbers ^ n. In order that 
they may be equal, it is necessary to have separately, an 
equality between the real and the imaginary parts ; then the 

difference of the two arcs — and — ought to be 

equal to one or more circumferences : but that difference, 

which is > is le%8 than (7, seeing that a and ft are Z. n : 

consequently the two values are unequal. 

In the third place, if we take for h other numbers than 

0, 1, 2 n — 1, wc shall find new values. In fact, all 

the other positive or negative integer numbers may be repre- 
sented by the formula ny + ?i', y being any integer number, 
positive or negative, and w' a positive integer Z. ^^ ] moreover 
by making k =. ny + n' the expression (5) becomes 



cos 



[yO+--^ j+V-lsin(^yC+— ;p— I 



or rather, suppressing the useless circumferences, 

(f) + n'C , , — . . ((jy + fiC 



cos 



n 






and as n is a positive number ^ w, that value is comprehended 
under those we have obtained by putting 

Z;=0, 1, 2 w— 1. 

Thus the second member of the formula (2) will acquire 
the generality, which it ought to have, if we take care to 
have for the arc not only the arc itself, but also the arcs 

0+ C, + 2(7,. + (w — 1) C, 

Pormula (3), ought also to be interpreted in an analogous 
manner, as we find by laising cos + s/ — 1 sin to the 
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fwth power, and extracting the nth. root of the result. The 
formula (1), relating to the case of a whole positive index, 
gives 

(cos + v^ — 1 bin 0)"" = cos w0 -{- V — 1 sin m(f>, 

and afterwards, for the wth root, the formula (2) gives 

J . / — r . ,v- ^^20 . ^20 

(cos + V — 1 sm 0) " = cos h V — 1 sin 

n 7% 

But in order that the second member may have the same 
extension as the first, we must, after what we have already 
explained, put mcj) + Z;C in the place of m(j> ; or, which is the 
same thing, replace mcf) successively by 

m0, m0 + C, m0 + (w — 1) C. 

34. Formulae for sin w0, cos w0, and tan w0. Referring 
back to Demoivre's formulce, 

COSW0 + s/ —1 sin w0 = (cos 04- -s/ — 1 sin0)"..; (1), 

in which we suppose n to be a positive integer. Changing 
into — it becomes 

cos «0— -y/ — 1 sinw0= (cos0 — y/ —l 8in0)*....'..(2). 
Adding and subtracting (1) and (2), 



cos «0 ^(coa + ^/-l .in 0)' + (cos - ^/- 1 sin 0)' ^^^ , 



, (cos + -v/ — 1 sin 0)* — (cos — J — 1 sin 0)" , ^ . 
sm f&0 =^ ^ ^^ ^ — — ■^-^. . .(4). 

Expanding by the binomial theorem, and suppressing the 
terms which destroy each other, we obtain 

cos w0 = (cos 0)"— ^ ?~i) (cos 0)"-* (sin 0)^ 

n(n — l)(n — 2)(n — 3), ,v_.,. ^n. « /Vx 
+ -^^ 1.2.3.4. ^ ^^' ^^ ^"^ 0)*~&c. . .(5), 

m w0 = » (cos0)*~^ sm ^^ — = — ^^-5 ^(cos 0)"^(8m 0)' 



sm 



w(w— 1)(» — 2)(«--3)(w— 4), .V..K,. ^w o. ,^x 
+ -^ 1.2.3.4.5 ^^^^^ ^) ^^'^ 0)*— &c. . .(6). 
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These formula) express the sine and cosine of tlic multiple 
v/p in terms of the sine and cosine of the simple arc : the 
law of the terms is evident, and in the same manner as the 
binomial formulsB from which they are derived, the terms 
must be continued until we find a term equal to nothing. 

To find tan w0, we must divide (6) by (5), 

w(n— 1) (;^— 2)^ ^ ^ 

8inn0 ntan0 r~2~l tan3 0-&c. 

;: = tan n0 = , ' ' 

1 — ' 12 ^^"^ ^ + ^^• 

35. Pevelopmcnt of the sine and cosine in a series. 

Prom equations (5) and (6), Euler has deduced the series 
which expresses the sine and cosine of an arc in terms of the 
arc itself. 

Retaining the supposition that w is a whole number, we 
can dispose of in such a manner that 7^0 may be equal to 

X 

any arc x ; putting then *w0 = x, we have w = — -, and con- 
sequently the equations (5) and (6) will become 

cos x=(cos 0)"- -^J'^^^ (cos 0)»-2 (^y 

+ -"-^y',-yi'-°* (co.0)"(g|^>-^.....(.). 

=.(c»*r.(si*)-'-fc*I<^W,)--.(i*)- 

x(:r-0) (a:- 20) (:r-30) (:r-40) , /sin 0Y> 

+ 1.2.3.4.5 ^^""^ ^^ \'"0~/ 

- &c....(2) 
Let us now conceive to diminish to zero and n to increase 
to infinity, then the above formulae will preserve no trace 
either of or of w, and will contain the arc x only. 
When becomes zero, we have 

sin 
cos = 1 and also - . = 1. 

Admitting that the powers of cos and of — -r— be also 

equal to unity, however great the indices may be, the above 
formulae become 



sin^r 
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"»'"=l -T:2+1.2.3.4-1.2.3.4.5.6 + *°-"(^)' 

^mx^x - Y^ + 12.3.4.5 " 1.2.3.4.5.6.7 + &c....(4). 

The following very sensible observations on these series are 
made by a correspondent of the Mechanics^ Magazine. (See 
No. 1256, pages 231, 232.) 

** Now to many students, who are not altogether without 
thinking what they are about, and yet have not attained to 
clear notions on the distinction between things themselves and 
the numerical measures of those things — the above series are 
a sad stumbling-block, and well they may be. The reader 
who has these misty notions, naturally asks — *How can a 
sine or cosine, which I know to be a number or ratio, be 
expressed in terms of an angle, which I conceive to *be an 
opening ? ' How indeed I About the ne plus ultra of all con- 
ceivable absurdities would be the following equation ; 
sine of a certain opening 

= that opening — g (cube of that opening) 

-f &c. 

"The absurdity arises from considering the symbol (0) as 
standing for the Euclidian angle or opening, instead of for 
a certain numerical fraction or ratio which measures that 
angle, and which bears the same proportion to other fractions 
(the measures of other angles), which the Euclidian angles 
themselves do. Cos is really an abridgment for * cosine of 
that Euclidian angle the length of whose arc bears the same 
proportion to the length of the radius, as the number docs 
to unity.' 

" Again, the %ist of these series is seldom seen, and because 
the series on the left hand side of the equation is infinite in 
the number of its terms, the student is apt sometimes to con- 
ceive that an immense number of those terms must be taken 
to get anything like a tolerably near value for cos or sin 0. 
To obviate this fancy, and at the same time to shew clearly 
the real nature of the equation, let us take a nxmicaical ex- 
ample and work it out. Suppose, then, we endeavour to find 
the numerical value of the cosine of 30 degrees by means of 
the series. Here (0) means 
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length of arc subtending the angle of 30^ 
length of radius 

and this is the first thing to find. 

" Now, we know that the length of the circumference of a 
circle bears the proportion to its diameter of (tt) to unity ; tt 
being nearly equal to 3* 14 1 6. We have then 

arc AU 30° 1 , ^ ^ 

1 ""-90-^"~3' 




.-. arc AB z=z - x a quarter of the circum- 

o 

- semi-circumference 
ference, = p > 

arc AB 1 scmi-circumferencc 1 3*1416 

* ; radius ~ 6 radius ~ 6 '^ * ~ 6 ' 

so that here (0) is equal to '5236. 

** Take only the first three terms of the series for cos 0, 
so that 

cos 30° = 1 - 2 (-5236)2 + ^(-5236)^ 

Keep only four places of decimals in multiplying, and -the 
second side becomes 

= 1 - 0-137078 4- 0-003130 -= -866052. 

** Now turn to a table of natural sines, &c., and you will 
find the cosine of 30° to be -8660254, which agrees with that 
just found from the series up to the fifth place of decimals, 
and differs less from it than the cosines of 30* 1', or 29° 59^^ 
differ from the cosine of 30°." 

36. In the applications of the higher branches of mathe- 
matics we often find it necessary to express (sin 0)" and 
(cos 0)" in terms of the sine and cosine of the simple arc. 
We proceed in the following manner : 

Let cos + -v/— 1 sin — cc, 
then cos — y— 1 sin = -• 
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By addition, 2 cos = a: -I- - > 

I 



X 
n 



and by subtraction, 2/s/— 1 sin0 = a3-; 

= (collecting into pairs the terms equidistant from each ex- 
tremity of the series) 

but {cos + s/— 1 sin 0)" = cos ??0 + ^ — 1 sin «0 = sc", 
(cos — V — 1 sin 01* = cos w0 — v/ — 1 sin ?w^ = -;; > 
by adding and subtracting, we have 

2 cos nch = x^ A — , and 2 V— 1 sin nd)=^ x"" ; 

^ a:" a:** 

w-1 
= 2 cos w0 + 2 « . cos (»— 2) + 2 w —2— cos (« — 4) 0, &c. ; 

. 2»-'» (cos0)" = cos «0 -f w cos (^1 — 2) 

+ » — ^ cos («— 4) 0, &c. ; 

the last term of the series being t 

1 /«— 1\ w-^w+l 

-ni —^ I . . . 3; , when n is even, 

//j-i\ w-4(m_i) + i 

and ?^ I — 2~ ) .•• — xh^l^ ^^^ ^> '^^^^ ^ ^^ ^^^• 

Prom what has been given above, we have for the sine 
2>/--l sin 0=1 a: , and 2^— 1 sin»0 = cc* > 
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■ ■ (2V— 1 sin 0). = (.-!)= |. + (_!)}" 
r:;r^» — 72x"^ H ^^— ^a;"-*... ^ -^ (a) 



+— 2-- r~*+(— ) } ^'' 

when « is even the series {h) becomes 

(— 1¥2« sin" cp = (x^ + l^^n (x^-' + —^ 

. n—l/ „ , , 1 \ 

^ 2 \ ^ x'^-y 

^^ ^2 '" in 
= 2 cos 720 — w . 2cos (n — 2) + 72 ^i^— 2 cos {n — 4) — 

+(— 1)2W— — .... \ ^ ; 

2 ^n 



.-. ( — 1)2 2"-^ sin'»0 = cos 7i0 — n cos (?i — 2) 

+ 72 — -— cos \ii — 4) 



+ (_i)lj«'i=i...!ilzilL+J. 

^ i?2 



n—l 



If7^beodd,then(V- 1)" = V- l(v^- l)'*-i=:(-l) ' ^J - \ \ 
and the last term of {V) is 

2 i(n— 1) \ ^7' 
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Hence, when « is an odd number (b) becomes 

+ "t(-'-?^)— ■ 

^ ' "-2-- i(»-i) r W' 

= 2 v' — 1 sin 720 — w. 2\/ — 1 sin (n — 2)0 + ... 
+(-1)^ "-2----|-( >,_i) 2v/-lsm0; 



«— I 



,-. (—1)3 2— ^sin"0=:sinw0 — «sin(« — 2)0 

+ n — - — 8in(w — 4)0 — ... 

(1) Sum the series 

cos + cos 2 + cos 3 + &c. + cos W0. 
Tho sum is equal to the two following series, 

o (^ + ^' + ^+ &c. + x% 



2{i + ^^ + c?+^''+h)'^ 



2V x—l '^x^{x—l)) 



___ 1 (a;*-l)(a;"+^ + 



1) iV a?/\ «'^/ 



2 a;«(a:— 1) —2 T 1 

^ — r 
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Now, 




n 






V 



1 — COS- -^ Sin -T 
2^_ i^ 

1 — COS- -^ Sin — ^ 
2 2 



consequently the sum of the series is equal to 



. neb 
sm--J. 

2_ 

Bin -^ 
2 



X cob( — 2— 10- 



(2) Sum the series cosec + cosec 2 cosec 2^ to » terms. 

cosec =: cot ^ — cot 0, 

cosec 2 = cot — cot 2 0, 
&c. 

cosec 2"~^ = cot 2""^ — cot 2»~^ ; 

hence, by addition, 

cosec + cosec 2 + &c. cosec 2*~^ =: cot ^ cot 2"~' 0. 

(3) Sum the series 

10 1 1 

- tan - + — tan — + -- tan — + &c. to n tems. 

_. 

Smce tan - = cot - — 2 cot ^ 
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we have - tan - 1= - cot cot c^, 

8 2 2 2 ^' 

1.0 1 .0 1 .0 

23tan23=T.^^S~-2'"^2-' 



uC. 



10 10 1,0 

— tan—in — cot— -cot — r. 

2« 2* 2'* 2* 2*"^ 2"~^ 

By addition we have the sum 

1 .0 

= 2;^^*2»"" "^^ 

(4) Sum the series sin + sin 20 + sin 30 + &c. 

MISCELLANEOrS EXAMPLES. 

(1) The square of the distance between the centres of two 
of the escribed circles of a triangle exceeds the square of the 
sum of their radii, by square of the opposite side of the 
triangle. 

m 

(2) Let a, h, c be the three distances of a point from three 
successive angles of a square field, then if 8 be the side of 
the square, and A the area of the triangle, whose sides are 
a, 5^2, c, it is required to prove that 

>S2 = 1 {a" + r) ± 2 A. 
2 

(3) The continued product of the radii of any three circles 
mutually touching each other, divided by the radius of the 
circle passing through their points of contact, gives the area 

of the triangle formed by joining their centres. 

* 

(4) Shew that if there be inscribed in a circle a regular 
figure, each of whose sides is an nC-^ part of the radius, the 
secant of the angle at the centre subtending each side 

2m^ 



2m'' — 1 • 



(5) Two regular polygons of the same number of sides 
being described, the one within, and the other without, the 
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same circle, what will be the number of sides, when the 
whole space intercepted between the two polygonal boun- 
daries is an assigned part of cither polygon? Ex. What 
is the figure when the exterior area is i of the interior 
polygon ? 

(6) In a right-angled triangle, if the hypothenuse {c) be 
divided into segments (aj), (y) by the line which bisects the 
right angle, and t = the tangent of half the difference of the 
acute angles, 

X : y M \ -^-t : \ — t, 

(7) To divide a given angle into two others, whose sine s 
shall be in the ratio oim : n. 

(8) A circle is inscribed in an equilateral triangle, an 
equilateral triangle in tlie circle, a circle again in the latter 
triangle, and so on ; if r, r,, r^, rg, &c., be the radii of tlie 
circles, shew that 

r = r, + r, + rj, + &c. 

(9) If a, hy c be the sides of a triangle, and p, q, r perpen- 
diculars from a point within the triangle bisecting the sides, 
prove that 

^ /a , h , c\ ahc 
\p q rj pqr 

(10) It is required to determine the continued product of 
n terms of the series 

(sin cos -0)2' (sin -0 cos- 0)* (sin- cos ^)^^ 

(si^ 2^10 cos ~0)i". 

(11) The circumference of the inner of two concentric 
circles, of which R and r are the radii, is divided into n equal 
parts ; shew that the sum of the squares of the lines drawn 
from the points of division to any point in the circumference 
of the outer circle = n {R^ -f r^). 

(12) The ratio between the area of an equilateral and 
equiangular decagon described about a circle, and that of 
another within the same circle, is equal to 
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8 



' + 4-+1 



4 + 



(13) In a piano triangle ABC, having given the sum 
of the sides A C, CB, the perpendicular from the vertex C 
upon the base AB ; and the difference of the segments of 
the base made by the perpendicular; find the sides of the 
triangle. 

(14) The length of a road in which the ascent is 1 foot 
in 5, from the foot of a hill to the top is .a mile and. two- 
thirds. What will be the length of a zigzag road, in which 
the ascent is 1 foot in 12 ? 

(15) At each end of a horizontal base measured in a known 
direction from the place of an observer, the angle which the 
distance of the other end and a certain object subtends is ob- 
served, as also the angle of elevation of the object at one end 
of the base. Find its height and bearing. 

(16) A staff one foot long stands on the top of a tower 
200 feet high. Shew that the angle which it subtends at a 
point in the horizontal plane 100 feet from the base of the 
tower is nearly 6'*5r'. 

(17) Find the degrees, minutes, and seconds, in the angle 
whose circular measure is '1 ; also the values of cos mir and 
tan~^ (— 1)"* (^^^ ^^ integer). 

(18) Two circles have a common radius '{r) and a circle is 
described touching this radius and the two circles : prove that 

... 3r 

the radius of the circle which touches the three = — . 

56 

(19) At noon, a column in the E.S.E. cast upon the ground 
a shadow, the extremity of which was in the direction ISF.E. : 
the angle of elevation of the column being a°, and the distance 
of the extremity of the shadow ^rom the column {a) feet, 
determine the height of the colunm. 

-1 /v/2 + 1 



(») ^"- (fS)— - (t^-I- 
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(21) If A, B, r;be the angles of a triangle, 

cos 7iA + cos nlJ + cos ?jC =-^ 1 -+-4 sm — sm — sm — , 

~ 2 2 2 ' 

nA nJJ nC 

or = — 1-4-4 cos — cos — cos — , 

"~ 2 2 2 ' 

according as w is odd or even. 

(22) In a regular polygon of 7i sides inscribed in a cirelo 
whose radius is (r), if » be the distance of any point from the 
centre, and perpendiculars be drawn from this point upon all 
the sides of the polygon, the sum of the squares of the lines 
joining the feet of the adjacent perpendiculars is 

n sin- — (;- + a-), 
n 

(23) Four objects situated at unequal but given distances 
in the same straight line, appear to a spectator in the same 
plane with them to be at equal distances from each other, it 
is required to determine his position. 

(24) If a' J V be tlie segments of the hypothenuse made by 
a line bisecting the right angle, then 

(j!V _ a- +Z>- 

'ah ~ "Oi + hY 

(25) A boy flying a kite at noon, when the wind was 
blowing a° from the south, and tlie angular distance of the 
kite's shadow from the north was /3°, the wind suddenly 
changed to a^ from the south, and the shadow to ^^ from 
the north, and the kite was raised as much above 45° as it 
had before been below that elevation. Shew that (?° being 
the angular elevation of the sun, and 45° — 6° that of the 
kite at first, 

2 /)o _ sin ^ sin ^ 

~~ sin (a — )3) sin (a, — /:?,)' 

^ ^ ^ sm (a, — )3j) sm /3 
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AbUreviationof trlgonometrlialqui ntUies. 

8. 

Angle, oiicalar measure ot tlie, 3 ; divi- 
ttonsof the, 1. 

An^ee, relation between the angles and 
udee of a triangle, 52 ; tu find the biiic 
and coeiue (A the auiu and dillerence uf 
two, 25. 

Angular ineaanre, described, 2 ; examples, 
3; anitoi,2. 

Arc. series for sine and cosine in terms 
of tlie, 109; remarks on the ubject ;'ii<l 
use of, 110; summation of the seiic:), 
114. 

Ares ci pcdy^ns, to find the, 80. 

Area of a triangle, to find the, 5(5; am- 
biguoos case, 58 ; to find the area of a 
triangle in terms of the nulius of the 
insciibed circle, 59 : to find tlie area of 
a triangle in terms of the radius of the 
circtunscribing circle, 60; to find the 
radios of the circumscribing circle in 
terms of the sided, 60 ; when two side:^ 
and the included angle are given, 56. 

Area of a triangle, examples, 60. 

Centisimal division,!. 

Circle, ratio of circumference to diameter, 
1 ; subdivisions of the, 2 ; examples, 2 ; 
to find the radius of a circle, described 
about a regular polygon of n sides, 80 ; 
to find the area of a polygon of n sides 
inscribed in a circle, 81 ; examples, 83. 

Circumference of a circle, ratio of, to the 
diameter, 1. 

Cosecant, definition of, 8; ratio of, 8; 
value of, 800, 450, and 600, u, 15. 

Cosine detined, 8. 

Cosine of 150, 180, 360, 540, 740, 
values of, 14, ^54, 35 ; examples, 36 ; of 
800, 450, 600, value of, 14 ; ^ A, value 
of, 55; obscn-ations on, 55; formulae 
expressing the sin. cos. and tan. of the 
multiple n <j>, 108. 

Cosine, ratio of, 8. 

Cosine and sine, series for, in the terms 
of the arc, 109 ; remarks on the object 
and use of, 110; summation of the 
series, 114. 

Cosine and sine of A B, to find the ex- 
pressions for. 26. 



Cosine, to find tlie, and sine, of the sum 
and difference of two angles, 25. 

Citiine 3 A, to find the expressions for, 
28. 

Cusme, to find, of an aii^Ie of a plane 
tiiun^'le in terms of the sides, 53 ; when 
the irifingle is obtuse-angled, 52; when 
the thimgle is acute-angled, 53. 

Cotangent, defined, 8 ; mtio of, 8. 

CutaiiKcut of iiOO, 450, 600, value of, 14, 
15; (A + B) to express in teniis of 
cot. A ana cot. B, 31. 

Definitions, 8. 

Demoivre's theorem explained, 104. 

Diumetei of a circle, ratio of, to tlie cir- 
cumference, 1. 

Distances, trigonometrical,calculation of : 
f 01-mulee and examples, 96, 

English angular measure, described, I; 

method of reducing into French, 1. 
Euler's series for sine and cos. in terms 

of the arc exi)Iained, 109 ; remarks on 

the object and use of, 110 ; summatiim, 

114. 
Examples, miscellaneous, 116. 

Formulae expressing the nine, cosine, and 

tangent of the multiple n ^, 108. 
Fonnulee of important equations to the 

triangle, 55. 
Formulee of verification, 83. 
French angular measures described, 1 ; 

method of reducing to English, 1. 
Functions, trigonometrical, described, 33 ; 

tracing the values of, 12 ; results, 15 ; 

examples, 15. 

Heights, trigonometrical, calculation of : 
f ormulsB and examples, 96. 

Inveree trigonometrical functions de- 
scribed, 82. 

Miscellaneous examples, 116. 

Measure, angular, examples of, 8; English 
angular, 1 ; French angular, 1 ; method 
of reducing one into tne other, 1 ; unit 
of angular, 2. 

Measure, circular, of the aoj^e, 8. 
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Poly^ron, 80 ; to find thtt radios of a 
circle described about a r^:ular, 80. 

Polygon, to find 'the area of a, inscribed 
in a circle, 81 ; examples. 83. 

Ratios, trigonometrical, 8; abbreviation 
of, 8. 

Secant, definition of, 8 ; ratio of. 8. 

Secant of aoo, 450, 600, values of, 14, 15. 

Sexagesimal division, I. 

Sine, defined, 8 ; sine and cos. of A B, to 
find, 26 ; sine and cos., series for, in 
terms of the arc, 109 ; remarks on the 
objects and use of the series, 110 ; sum- 
mation of the, 114 ; formulse expressing 
tlie sin. COS. and tan. of the multiple 
n ift, 108 ; 3 A. to find the expressions 
for, 27 : 4 A, &c., to find the expres- 
sions for, addition, multiplication, ratio 
of, 8. 

Sine of an angle ■» the coe. of its comple- 
ment, 10. 

Sines of the angles of a plane triangle 
are proportional to the sides which sub- 
tend them : formulae, 62. 

Sines, to find the, and cosines of the sum 
and difference of two angles, 25. 

Sines of 300, 450, 600, values of, 13, 14; 
of 150, 180, ,%o, 640, 740, values of, 34, 
35 ; examples, 86. 

Sines, A, sin. ^ A, values of, 55 ; observa- 
tions on, 65. 

Tables, trigonometrical construction of, 
describe<^ 76 ; examples, 79. 

Tangent, definition, 8 : formulse express- 
ing the sin. cos. and tan. of the mul- 
tiple n ^, 108; ratio of, 8; (A ^ B) to 
express in terms of tan. A and tan. B, 
30 ; ^ A, value of, 65 ; observations on, 
66. 



Tangent of 300, 46o, 600, values of, 14, 
16. 

Triangle, area of a, 56 ; when two sides 
and their included angle are given, 66 ; 
ambiguous case, 68; to find the, in 
terms of tlie radius of the inscribed 
cirule, 69 ; to find the area, in terms of 
the circumscribing circle, and the 
sides, 60; to find the radius of the cir- 
cumscribing circle in terms of the sides, 
60; examples, 60. 

Triangle, plane, parts of a, described, 61 j 
the sines of the angles of a plane 
triangle are proportional to the sides 
which subtend iJiem, 62 ; to find the 
•oeine of an angle of a plane triangle, 
in terms of the sides :--(l) when the 
triangle is obtuse angled, 62 ; (2 ) when 
the angle is acute angled, 63; relations 
between the angle and sides of a 
triangle, 52. 

Triangles, solution of : remarks on the 
solution of, 75 ; rules on the solution of, 
96 ; solution of, 51 ; examples, 83. 

Trigonometrical functions, tracing the 
values of, through the four qua(&ants, 
12 ; results, 15 ; examples, 16. 

Trigonometrical functions, inverse, de- 
scribed, 32. 

Trigonometrical ratios, abbreviation of, 
8 ; values of : — ( 1) sine of an angle is 
a- the cosine oi its complement, 10 ; 
(2) to show that sin. A = sin. (1800 _ 
A), 10 ; (3) sine ( — A) -=» — sin. A, and 
COS. (— A) = cos. A, 11. 

Trigonometrical tables, construction of, 
76 ; examples, 79. 

Trigonometry' described, 1. 

Unit of angular measure, 2. 
Verification, forranlsB of, 33. 



THE END. 
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143. EXPERIMENTAL ESSAYS— On the Motion of Camphor 
and Modern Theory ©f Dew, by C. Tomlinson. 1«. 



BUILDING AND ARCHITECTURE. 

16. ARCHITECTURE, Orders of, by W. H. Leeds. U. 6d. 

17. Styles of, by T. Bury. 1^. 6d. 

18. Principles of Design, by E. L. Gurbett 2s. 

22. BUILDING, the Art of, by E. Dobson. 1*. 

23. BRICK AND TILE MAKING, by E. Dobson. 2*. 

25. MASONRY AND STONE-CUTTING, by E. Dobson. 2*. 

30. DRAINING AND SEWAGE OF TOWNS AND BUILD- 
INGS, by G. D. Dempsey. 2*. 
(With No. 29, Drainage op Land, 2 vols, in 1, 35.) 

VIRTUE & CO., 26, HTT LANE. 



4 SCIENTIFIC AND MECHANICAL WORKS. 

35. BLASTING AND QUARRYING OF STONE, AND BLOW- 

ING UP OF BRIDGES, by Lt.-G©n. Sir J. Burgoyne. Is. Qd, 

36. DICTIONARY OF TERMS used by Architects, BuUders, 

Engineers, Siiryeyors, &c. 45. 

In cloth boards, 65. ; half morocco, Of. 

42. COTTAGE BUILDING, by C. B. AUen. Is. 

44. FOUNDATIONS and CONCRETE WORKS, by E.Dobson. Is. 

45. LIMES, CEMENTS, MORTARS, CONCRETE, MASTICS, 

&o., by G. R. Bomell. 1^. Qd. 

57. WARMING AND VENTILATION, by C. Tomlinson. 3^. 

83**. CONSTRUCTION OF DOOR LOCKS, by C. Tomlinson. 
Is. 6<?. 

111. ARCHES, PIERS, AND BUTTRESSES, by W. Bland. Is. 6d. 

116. ACOUSTICS OF PUBLIC BUILDINGS, by T. R. Smith. 
Is. 6d. 

123. CARPENTRY AND JOINERY, founded on Robison and 

Tredgold. Is. ^. 

123*. ILLUSTRATIVE PLATES to the preceding. 4to. 45. 6d. 

124. ROOFS FOR PUBLIC AND PRIVATE BUILDINGS, 

founded on Robison, Price, and Tredgold. l5. 6d. 

124*. IRON ROOFS of Recent Construction— Descriptive Plates. 
4to. 45. Qd. 

127. ARCHITECTURAL MODELLING, Practical Instructions, 

by T. A. Richardson. I5. Qd. 

128. VITRUVIUS'S ARCHITECTURE, translated by J. Gwilt, 

with Plates. 55. 

130. GRECIAN ARCHITECTURE, Principles of Beauty in, by 
the Earl of Aberdeen. I5. 

132. ERECTION OF DWELLING-HOUSES, with Specifications, 
Quantities of Materials, &c., by S. H. Brooks, 27 Plates. 25. Qd. 



MACHINERY AND ENGINEERING. 

33. CRANES AND MACHINERY FOR RAISING HEAVY 

BODIES, the Art of Constructing, by J. Glynn. I5. 

34. STEAM ENGINE, by Dr. Lardner. I5. 

43. TUBULAR AND IRON GIRDER BRIDGES, including the 
Britannia and Conway Bridges, by G. D. Dempsey. I5. Qd. 

VIRTUE & CO., 26y IVY LANE. 



SCIENTIFIC AND MECHANICAL WORKS. 6 

47. IiIG-HTHOnSES, their Oonstruotioii and IlluniiDation, by Allan 
Stevenson. Ss. 

^9. STEAM BOILEBS, their Construotion and Management, by 
E. Armstrong. Is, Qd, 

62. RAILWAYS, Construction, by Sir M. Stephenson. Is. Qd. 

62*. RAILWAY CAPITAL AND DIVIDENDS, with Statistics of 
Working, by E. D. Chattaway. Is, 

(Vols. 62 and 62* bound in 1, &. Qd.) 

67. CLOCK AND WATCH MAKINO-, and Church aooks and 
Bells, by E. B. Denison. 3^. Qd. 

78. STEAM AND LOCOMOTION, on the Principle of connecting 
Science with Practice, by J. Sewell. 2s, 

78*. LOCOMOTIVE ENGINES, by G. D. Dempsey. Is. 6d. 

79*. ILLUSTRATIONS TO THE ABOVE. 4to. 4s. ed. 

98. MECHANISM AND CONSTRUCTION OP MACHINES, 
by T. Baker ; and TOOLS AND MACHINES, by J. Nasmyth. 
with 220 Woodcuts. 2s. Qd. 

114. MACHINERY, Construction and Working, by C. D. Abel. 

Is.^. 

115. PLATES TO THE ABOVE. 4to. 7s. Qd. 

139. STEAM ENGINE, Mathematical Theory of, by T. Baker. U. 



CIVIL ENGINEERING, &c. 

13. CIVIL ENGINEERING, by H. Law and G. R. Bumdl. is. 6d. 
29. DRAINING DISTRICTS AND LANDS, by G. D. Demps^. 1«. 
(With No. 30, Drainagb and Sewaqb of Towns, 2 vols, in 1, 3s.) 

31. WELL-SINKING, BORING, AND PITMP WORK, by J. G. 

Swindell, revised by G. R. Burnell. 1*. 

46. ROAD-MAKING AND MAINTENANCE OF MAOADA^ 
MISED ROADS, by Gen. Sir J. Burgoyne. Is. 6d. 

60. LAND AND ENGINEERING SURVEYING, by T. Baker. 29 

VIRTUE & CO., 26, IVY LANE. 



6 SCIENTIFIC AND MECHANICAL WORKS. 

63. AaRICULTURAL ENGINEERINa, BUILDINGS, MOTIVE 
POWERS, FIELD ENGINES, MACHINERY, AND 
IMPLEMENTS, by G. H. Andrews. Bs. 

77*. ECONOMY OF FUEL, by T. S. Prideaux. 1*. 

80*. EMBANKING LANDS FROM THE SEA, by J.Wiggins. 28. 

82. WATER POWER, as applied to Mills, &c., by J. Glynn. 2s. 

82»*. A TREATISE ON GAS WORKS, AND THE PRACTICE 
OF MANUFACTURING AND DISTRIBUTING COAL 
GAS, by S. Hughes, C.E. Ss. 

82***. WATER-WORKS FOR CITIES AND TOWNS, by S. 
Hughes. Ss. 

117. SUBTERRANEOUS SURVEYING, AND RANGING THE 

LINE without the Magnet, by T. Fenwick, with Additions 
by T.Baker. 28. 6d. 

118. CIVIL ENGINEERING OF NORTH AMERICA, by D. 

Stevenson. 3s. 

120. HYDRAULIC ENGINEERING, by G. R. BurneU. 3s. 

121. RIVERS AND TORRENTS, and a Treatise on NAVI- 

GABLE CANALS AND RIVERS THAT CARRY SAND 
AND MUD, from the Italian of Paul Frisi. 2s. Qd. 

125. COMBUSTION OF COAL, AND THE PREVENTION 
OF SMOKE, by C. Wye WiUioms, M.I.C.E. 3s. 



SHIP-BUILDING AND NAVIGATION. 

51. NAVAL ARCHITECTURE, by J. Peake. 3s. 

53*. SHIPS FOR OCEAN AND RIVER SERVICE, Construction 
of, by Captain H. A. Sommerfeldt. Is. 

53**. ATLAS OF 15 PLATES TO THE ABOVE, Drawn for 
Practice. 4to. 7s. 6d. 

54. MASTING, IVIAST-MAKING, and RIGGING OF SHIPS, 
by R. Kipping. Is. Qd. 

VIRTUE & CO., 26, IVY LANE. 



SCIENTIFIC AND MECHANICAL WORKS. 

54* IRON SHIP-BUILDINa, by J. Grantham. 28. 6d. 

54*». ATLAS OF 24 PLATES to the preceding. 4to. 228. 6d. 

55. NAVIGATION ; the Sailor's Sea Book : How to Keep the Lo^ 
and Work it off, &c.; Law of Storms, and Explanation o 
Terms, by J. Greenwood. 28. 

80. MARINB ENGINES, AND STEAM VESSELS, AND THE 
SCREW, by R. Murray. 28. 6d. 

83 bi8. SHIPS AND BOATS, Form of, by W. Bland. U. 6d. 

99. NAUTICAL ASTRONOMY AND NAVIGATION, by J. B. 

Young. 28. 

100». NAVIGATION TABLES, for Use with the above. Is. 6d. 

106. SHIPS' ANCHORS for all SERVICES, by G. Cotsell. Is. 6d. 

149. SAILS AND SAIL-MAKING, by R. Kipping, N.A. 28. Qd. 

155. ENGINEER'S GUIDE TO ' THE ROYAL AND MER- 
CANTILE NAVIES. 3s. 



ARITHMETIC AND MATHEMATICS. 

6. MECHANICS, by Charles Tomlinson. Is. Qd. 

32. MATHEMATICAL INSTRUMENTS, THEIR CONSTRUC- 
TION, USE, &c., by J. F. Heather. New Edition. Is. 6d. 

61*. READY RECKONER for the Measurement of Land, Tables 
of Work at from 2s. 6d. to 205. per acre, and valuation of 
Land from £1 to £1,000 per acre, by A. Arman. Is. Qd. 

76. GEOMETRY, DESCRIPTIVE, with a Theory of Shadows and 
Perspective, and a Description of the Principles and Practice 
of Isometrical Projection, by J. F. Heather. 2s. 

83. BOOK-KEEPING AND COMMERCIAL PHRASEOLOGY, 

by James Haddon. Is. 

84. ARITHMETIC, with numerous Examples, by J. R. Young. Is.Qd. 
84*. KEY TO THE ABOVE, by J. R. Young. 1*. Qd. 

VIRTUE & CO., 26, IVY LANE. 



8 SCIENTIFIC AJn) MECHANICAL WORKS. 

85. EQUATIONAL ABITHMETIC : Tables for the Calculation 

of Simple Intereet, with Logarithms for Compound Literest, 
and Annuities, by W. Hipslej. 28. 

86. ALGEBRA, by J. Haddon. 2s. 

86*. KEY AND COMPANION TO THE ABOVE, by J. R. 
Young. Is. 6d. 

88. EUCLID'S GEOMETRY, with Essay on Logic, by H. Law. 2s. 

90. GEOMETRY, ANALYTICAL AND CONIC SECTIONS, by 

J. Hann. Is. 

91. PLANE & SPHERICAL TRIGONOMETRY, by J. Hann. 2s. 

93. MENSURATION, by T. Baker. Is. 6d. 

94. LOGARITHMS, Tables of; with Tables of Natural Sines, Co- 

sines, and Tangents, by H. Law. 2$. Qd. 

97. STATICS AND DYNAMICS, by T. Baker. Is. 

101. DIFEERENTIAL CALCULUS, by W. S. B. Woolhouse. Is. 

101*. WEIGHTS AND MEASURES OP ALL NATIONS ; 
Weights of Coins, and Divisions of Time ; with ihe Principles 
which determine the Rate of Exchange, by W. S. B. Wool- 
house. Is. Qd. 

102. INTEGRAL CALCULUS, by H. Cox. Is. 

103. INTEGRAL CALCULUS, Examples of, by J. Hann. 1«. ^ 

104. DIFFERENTIAL CALCULUS, Examples of, witii Solutions, 

by J. Haddon. Is. 

105. ALGEBRA, GEOMETRY, and TRIGONOMETRY, First 

Mnemonical Lessons in, by the Rev. T. P. Kirkman. Is. 6d. 

131. READY-RECKONER FOR MILLARS, FARMERS, AND 
MERCHANTS^ showing the Value of any Quantity of Com, 
with the Approximate Value of Mill-stones and Mill Work. Is. 

136. RUDIMENTARY ARITHMETIC, by J. Haddon, edited by 

A. Arman. Is. 6d. 

137. KEY TO THE ABOVE, by A. Arman. Is. 6d. 

147. STEPPING STONE TO ARITHMETIC, by Abraham 

Arman, Schoolmaster, Thurleigh, Beds. Is. 

148. KEY TO THE ABOVE, by A. Arman. Is. 

VIRTUE & CO., 26, HTT LANE. 



NEW SEBIES OF SDUCATIONAL WOBES. 



[This Series is kept in three styles of binding-^he prices of each 
are given in columns at the end of the lines."} 



HiSToniES, gbammahs, and dictionaiues. 



i. ENGLAND, History of, by W. D. Hamilton 

5. GREECE, History of, by W. D. Hamilton 
and E. Levien 

7. ROME, History of, by B. Levien 

9. CHRONOLOGY OF CIVIL AND ECCLE- 
siastical History, Literature, Art, and 
Civilisation, from the earliest period to 
the present time 

11. ENGLISH GRAMMAR, by Hyde Clarke . 

11». HANDBOOK OF COMPARATIVE PHI- 
lology, by Hyde Clarke . . . 

12. ENGLISH 2:)ICTI0NARY, above 100,000 

words, or 50,000 more than in any existing 
work. By Hyde Clarke .... 

, with Grammar 

14. GREEK GRAMMAR, by H. C. Hamilton . 

15. DICTIONARY, by H. R. HamU- 



17. 



ton. Vol. 1. Greek — English . 

VoL 2. English — Greok 



Complete in 1 vol. 



-, with Grammar 



19. LATIN GRAMMAR, by T. Goodwin . . 

20. DICTIONARY, by T. Goodwin. 

Vol. 1. Latin — English .... 

Vol.2. EngUsh— Latin 



oo 



Complete in 1 toL 



i with Grammar 

'M. FRENCH GRAMMAR, by G. L. Strauss . 
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NEW SERIES OF EDUCATIONAL WORKS. 



EISTOBIES, OBAMMABS, AND DICTIONASXBS. 



26. FRENCH DICTIONARY, by A. Elwes. 
VoL 1. IVenoh — English .... 

26. Vol. 2. English— French 



Complete in I toI. 



■ , with Grammar 

27. ITALIAN GRAMMAR, by A. Elwes . 

28. TRIGLOT DICTIONARY, by 

A. Elwes. Vol. 1. Italian — English— 
French 

Vol. 2. English — ^Italian— French 

Vol. 3. French— Italian — ^English 

Complete in 1 toI. 

f with Grammar 



SO. 
32. 



34. SPANISH GRAMMAR, by A. Elwes . . 

86. ENGLISH AND ENGLISH- 
SPANISH DICTIONARY, by A. Elwes . 

', with Grammar 



39. GERMAN GRAMMAR, by G. L. Stranss 

40. READER, from best Authors . 

41. TRIGLOT DICTIONABY, by 

N. E. Hamilton. VoL 1. English— Ger- 
man — ^French 

42. Vol. 2. German — ^Enfflish- Pbrench 

43. Vol. 3. French— English— German 

Complete in 1 toL . 

, with Grammar 

44. HEBREW DICTIONARY, by Dr. Breslau. 
Vol. 1. Hebrew — ^English 

, with Ghnmmar 

46. Vol. 2. English— Hebrew 

Complete, with Grammar, in 2 vols. 

46*. GRAMMAR, by Dr. Breslau . 

47. FRENCH AND ENGLISH PHRASE BOOK 

48. COMPOSITION AND PUNCTUATION, 

by J. Brenan 

49. DERIVATIVE SPELLING BOOK, by J. 

Rowbotham 
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GBEEK AND LATIN CLASSICS. 



GBEEE AND LATIN CLASSICS, 

With Explanatory Notes in English, principally selected from Ihe 

best German Commentatora. 



LATIN SERIES. 

1. LATIN DELECTUS, with Vocabularies and Notes, by 

H. Young • • Is. 

2. CESAR'S GALLIC WAR ; Notes by H. Young . . 28. 

3. COENELIUS NEPOS; Notes by H. Young . . . U. 

4. VIEGIL. The Georgics, Bucolics ; Notes by W. Bushton 

and H. Young ... • • • 1^. Qd, 

6. VIEGIL'S -aENEID ; Notes by H. Young . . . 2i. 

6. HOEACE. Odes and Epodes; Notes, Analysis and Ex- 

planation of Metres 1«. 

7. HORACE. Satires and Epistles ; Notes by W. B. Smith 1*. Qd. 

8. SALLUST. Catiline, Jugurtha; Notes by W. M. Donne Is. 6rf. 

9. TERENCE. Andria and Heautontimorumenos ; Notes h 



I. 



J. Dayies Is.M, 

10. TERENCE. Adelphi, Hecyra, and Phormio; Notes by J, 

Dayies 28, 

14. CICERO. De Amicitia, de Senectute, and BrattiB ; Notes 

by W. B. Smith 28. 

16. LIVY. Part I. Books i., ii, by H. Young . • 1*. 6«?. 
16*. Part II. Books iii., iv., v., by H. Young • Is, 6d, 

1 7. Part III. Books xxi., xxii., by W. B. Smith U, 6d, 

19. CATULLUS, TLBULLUS, OVID, and PROPERTIUS, 

Selections from, oy W. M. Donne . . . . ^ . 2f . 

20. SUETONIUS and the later Latin Writers, Selections from, 

by W. M. Donne 2». 

VIRTUE <fe CO., 2G, IVY LANE. 
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GREEK AND LATIN CLASSICS. 



GREEK SERIES, 

OV A 8IMILAB PLAN TO THB LATIN 6EBIE8. 

1. GREEK INTRODUCTORY READER, by H. Young. 

On the same plan as the Latin Reader . . • .la, 

2. XEXOPHON. Anabasis, i. ii. iii., by H. Young . . 1«. 

3. XENOPHON. Anabasis, iv. v. vi. vii., by H. Young . Is, 

4. LUCIAN. Select Dialogues, by H. Young « • .15, 

5. HOMER. Hiad, 1. to vi., by T. H. L. Leary . . Is. Gd, 

6. HOMER. lUad, vii. to xii., by T. H. L. Leary . Is. Gd, 

7. HOMER. lUad, xiii. to xviu., by T. H. L. Leary , Is. Gi. 

8. HOMER. Iliad, xix. to xxiv., by T. H. L. Leary . Is. 6d, 

9. KOMER. Odyssey, i. to vi., by T. H. L. Leary . Is. Gd, 

10. HOMER. Odysspy, vii. to xii., by T. H. L. Leary . Is. Od. 

11. HOMER. Odyssey, xiii. to xviii., by T. H. L. Leary Is. Gd, 

12. HOMER. Odyssey, xix. to xxiv. ; and Hymns, by T. H. 

L. Lear 2^. 

13. PLATO. Apology, Crito, and PhsEdo, by J. Davies 

14. HERODOTUS, i. ii., by T. H. L. Leary . 

15. HERODOTUS, iii. iv., by T. H. L. Leary 

16. HERODOTUS, v. vi. vii., by T. H. L. Leary . 

17. HERODOTUS, viu. ix., and Index, by T. H. L. Leary 

18. SOPHOCLES; (Edipus Tyrranus, by H. Young 
20. SOPHOCLES ; Antigone, by J. Milner . 
23. EURIPIDES ; Hecuba and Medea, by W. B. Smith . Is. Gd. 
26. EURIPIDES; Alcestis, by J. Milner . ... Is. 
30. .a:SCHYLUS; Prometheus Vinctus, by J. Davies . . U. 
32.''.a:SCIIYLUS ; Septem contra Thebas, by J. Davies . , Is. 

40. ARISTOPHANES ; Achamians, by C. S. D. Townshend Is. Gd, 

41. THUCYDIDES, i., by H. Young Is. 



Is. Gd, 
Is. Gd, 
Is. GcL 
Is. Gd, 

. Is. 

. 2s. 
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-'^■^ VIRTUE BSOTFEKS & CO., 28, Ivy Lane, Pal 

^Cj . . ■^S^u 

ijti^ Algebra, tlie Klomcnts of. By James IlADBOif, M.A. 23. 4^t^ 

gt^ A Key and Companion to the above Boole, fomiing an ^-y^l 

^-fji- eiteneive rcpositorj of Solved Emnplei Hud Pi-oblpmB in Illm. Jif^fj! 

I^^f tnition of tlie Tarioiu expedienti aeoetaij in Algebraical opera- J^^^"^ 

^Jf'-f; tions. EipeeikUj adapted for Bolf-Iiutruotion. By J, £. rocKs. ^kl^i. 

i ''" fa 

(T";^ Enclid, tlie Elements of, with many additional Propo- 4^i^^ 

IsIjS sitions, and EspUnatocy Notes; to whioh is profiled m Intro- i^t^ 

%'i'.C duotorj Buay on Logio. By Huki Lam, C.B. 2b. 'HS'^^i 

iK^ Analytical Qeometry and Conic 6L'ctionB,'aBudimentaiy ^?f,^ 

By James Hamr, Mathematioal Muter of King's ^'^%'] 

' ' ' ¥% 

t'^ Plane Trigonometry, the Elcmonta of. By James Hanit. 1b. K-^ 

■Xj^I Spherical Trigonometry, the Elements of. By James |^^ 

^'^ IlAJiB. Eeriacd by Cuaeles H. Dowlino, C.E. la. '^.^- 

?CW Mensuration, a Eudimentary Treatise on, arranged for ■J'^Jji 

•■^^ theoBoof Schooli and I'rncticalMen ; compreliondiEg tlieekmenta ^TQ^^^ 

i^lS of Uodeni EDt-inocring. By T. Barke, C.E. Is. So^i 

^^ Logarithms, a EuJimontary Treatise on: iTathematical i''^ 

ff'iS Tables for faciKtnting Astronomical, NaQtical, Trigonometrieil, Lv^- 

^•^-A and Logarilkmio Culeulations; Tables of Natural 6 inm and Tan- yS^^A 

- =JC gents and Kstural Cosinps, By nKsity Law, CJS. Ss. Cd. M.^ 

^■% ffS' 

^j{. Statics and ByBamics, the Prineiplca and Practice of, j^ajW 

^^i- embraeiiig a dmr dBrclopniDnt of nydrostntics, HydrodTiiainits, IS,*^ 

r t^ and Pnaumatici, with Central Cornos and Siiper-elevation of Ei- &X«^ 

^-^ teriornsiL Por tbo use of SobooU and Privats Btudents. By ^.^n 

^'jer T. Bakei, CJl. la. S^?^ 

c*S &m 

XjfT^ PISTBE BBOTUifl'.a & CO.. SSC, Ivy Lane. P^ternoiler Bow. '^^tM 
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i^^^ DifTsrential Calculus, tlio Elements of the. By W. S. B. 



'^c 



"r^ WooLHousE, F.K.A.S., F.S.S., &c. Is. 

cV? The Measures, Weights, and Moneys of all Nations, 

'ixh ^^^ ^^ Analysis of the Christian, Hebrew, and Mahometan Calen- 
^ dars. By W. S. B. Wooluousb. Is. 6d. 

«ijS ^^® Integral Calculus, a Eudimentary Treatise on. By 

> 35^ nOMEESIIAM Cox, B.A. Is. 

tjf^ The Integral Calculus, Examples on. By James IIann. Is. 

>'^S The Differential Calculus, Examples and Solutions in. 
L^^'5 By James Haddon, M.A. Is. 

.5'*% 

J^j^^ Geometry, Algebra, and Trigonometry, Eirst Mncmonical 

r^^ Lessons in. By the itey. Tuoii^vs Pe^nyngton Kibkhait, M.A. 
^*M- Is. 6d. 

'-'^;^ The Miller's, Merchant's, and Farmer's Ready Reckoner, 

y^1> for ascertaining at sight the yalue of any quantity of Com, from 

5c5X one Bushel to one hundred Quarters, at any given price, from £1 

lAp to £5 per quarter. Together with the approximate yalue of MiU- 

Vr>^ Stones and Millwork, &o. Is. 

;*jcc Arithmetic, Rudimentary, for the use of Schools and Self- 
^ C-k Instruction. By James Haddon, M.A« Kevised by Abkaham 
^•^ A&man. Is. 6d. 

; y.'^ A Key to the aboye Book. By Abeaham Arman. Is. 6d. 

^,^ Arithmetic, the Stepping-Stone to; being a complete 
t* K^^ course of Exorcises in the First Four Rules (Simple and Com- 




pound), on an entirely new principle. Eor the use of Elementary 
•&> Schools of every Trade. Intended as an Introduction to the more 
o^S extended works on Arithmetic, ^y Abuauam Aeman. 1b. 

f^T^ A Key to the above Book. ^^ iu\i5..Mi^^ Ar^asi. 1b. 
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